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MAG351 TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS
SYLLABUS
OBJECTIVES:

* To introduce Fourier series analysis which is central to many applications in
engineering apart from its use in solving boundary value problems.

* To acquaint the student with Fourier transform techniques used in wide variety of
situations.

* To introduce the effective mathematical tools for the solutions of partial differential
equations that model several physical processes and to develop Z transform
techniques for discrete time systems.

UNIT | PARTIAL DIFFERENTIAL EQUATIONS

Formation of partial differential equations — Singular integrals -- Solutions of standard types
of first order partial differential equations - Lagrange’s linear equation -- Linear partial
differential equations of second and higher order with constant coefficients of both

homogeneous and non-homogeneous types.
UNIT I FOURIER SERIES

Dirichlet’s conditions — General Fourier series — Odd and even functions — Half range sine
series — Half range cosine series — Complex form of Fourier series — Parseval’s identity —

Harmonic analysis.

UNIT I APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

Classification of PDE — Method of separation of variables - Solutions of one dimensional
wave equation — One dimensional equation of heat conduction — Steady state solution of
two dimensional equation of heat conduction (excluding insulated edges).

UNIT IV FOURIER TRANSFORMS
Statement of Fourier integral theorem - Fourier transform pair — Fourier sine
and cosine transforms — Properties — Transforms of simple functions — Convolution theorem

— Parseval's identity.
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UNIT V Z - TRANSFORMS AND DIFFERENCE EQUATIONS
Z- Transforms - Elementary properties — Inverse Z - transform (using partial fraction and
residues) — Convolution theorem - Formation of difference equations — Solution of

difference equations using Z - transform.

OUTCOMES:

+ The understanding of the mathematical principles on transforms and partial
differentialequations would provide them the ability to formulate and solve some of the
physical problems of engineering.
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UNIT I PARTIAL DIFFERENTIAL EQUATIONS

PART - A

Problem 1 Form the partial differential equation by eliminating a and b from
z:(x3+a2)(y2+bz). [CO1-H2]

Solution:
z:(:erraz)(szrbz) -(1)

Differentiating (1) partially w.r. t X and y we get

% :f—::(f +b?)2x -(2)
o )

q:g:(x3+a1)2y -(3)
oy \ )

Multiplying Eqn. (2) and Eqn (3) =
Pq= (x2 +a’ )(12 +b° )4x1=
pq =4xvz [using (1)]

Problem 2 Obtain the partial differential equation by eliminating arbitrary constants a
and b from (x—a) +(y—h) +z> =1 [CO1-H2-Nov/Dec2015]
Solution:

(x—a]z+(_1-‘—b]2+_2:' -(1)

Differentiating (1) partially w.r. t x and y we get

2(x—a)+2zp=0

=S x—a=-zIp -(2)
2(y=b)+2zg=0
=y-b=—z¢q -(3)

Substituting (2) & (3) in (1) we get

(
Zpteigt 4zt =1

1.e., :‘(pgntq2 +1)=1
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Problem 3 From the partial differential equation by eliminating  f from
f(xz +32+2,x+y+2)=0. [CO1-H2-May/Jun 2016 ]
Solution:
We know that if f(u, v) =0
then u=£(v)
axt+yt = f () -(D)
Differentiating (1) partially w.r. t x and y
We get
2x+2zp=f (x+y+:z)(1+p) -(2)
2y+2zg=f (x+y+:2)(1+q)
Divide (2) & (3)
x+zp l+p
v+tzg l+g¢g
X+qgx+zIp+Ipg=y+py+zIq+zIpq
(z—y)p+(x-z)g=y—x
Problem 4 Form the partial differential equation by eliminating f from

z:x2+2f{i+logx]. [CO1-H2]
Yy

Solution:
1 \
Let::x2+2f[——logx - (D)
WV

Differentiate (1) wr.t x and y

- " N1
C—-:p:2x+2f(l+logx [i' _(2)
ox Ly Nx)
o (1 V=1 .
—=q=2f|—+logx —?J -(3)
cy \V ALY
Eliminating / from (2) & (3)

_23‘ _J. 2
()

q X
px—2x"=—qp°

px+qv’ =2x7
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Problem 5 Obtain the partial differential equation by eliminating the arbitrary constants

a&bfromz=xy+yvx’ —a’ +h. [CO1-H2]

Solution:

z=xy+wWx’ —a’ +bh - (D)

Differentiating (1) partially w.r. t X and vy

_6—:: .’—.‘71 2
P ™ ‘1[2 xz—nz}[ *

x
p=y+ f -
X" —a
) X
Py x
v X" —a”
Eol-—— -(2)
y X —a
0z [ 2 2
q=—"T—"=XtNX —a
oy

g—x=vx"—a’ -(3)

Multiplying (2) & (3)
(——I\J (q—x)

\
(——IJ (q—x)
(p—»)(g—x)=xv

pPqg—Xp—Vyq+Xxy=Xxy
px+qv=pq

Oz
Problem 6 Find the complete integral of p +¢g = pg where p = .
ox

.[CO1-H2]

‘9) ‘ o)}

Solution:
pP+q=rpq - (D)
This is of the form f(p.¢)=0

Let z=ax+bv+c¢ - (2) be the complete solution of the partial differential
equation.
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(1) reduces to a+b=ab
a=b(a-1)

a

b=

a-1

a )
::ax+(— [v+e
La-1)

Problem 7 Obtain the complete integral of z = px + gy + p° +¢°.
[ CO1-H2 - Nov/Dec 2015]

Solution:
c=px+qv+pi+q° - (D)
This equation is of the form = = px+gv+ f(p.q) (clairaut’s type)
-. the complete integral is = =ax+by+a” +b".

Problem 8 Solve p(l+¢g)=¢gz.[co1-L1]

Solution:
p(l+q)=qz - (1)
This equation is of the form f(z, p.q)=0

- = f(x+ay) be the solution

-
T

x+ay=u == f(u)
= =%
! du ! du

(1) reduces to
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:(. dz Z
—|1+a— |=a—:
du\ du du
l+n—i:a:

u
a—::n:—
du
da=__ 1
du ~ a
dz

=du
T a

: 1
Integrating log( - —J =u+b
a

. ( 1
Le., log| z——
\ a

oy

Solution:

Given ptanx+g¢gtany =tan:

[l SEM

=x+ay+b i1s the complete solution.

Problem 9 Solve the equation planx+gtany =tanz. [CO1-L1]

This equation 1s of the form P +0, =R

When P = tan x Q=tany
The subsidiary equations are
d _dv_d:
P O R
_ dx dy d=
ie., = =

tanx tan v  tan:
Considering the first two,
dx  dy
tanx tan ¥
Sign,

Icot xdx = j cot ydy

logsinx =logsin y +loga

sin x |
log| — .
L siny )

=loga

-10 -

R=tanz
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sin x
. = (‘l‘
sin y
_ Sin x
ie.qa=—
SIn y
Take.
dv dz

tany fan:z

J‘ (']_1’ _J‘ dz
tan y tan z

I cot ydy = I cot zd=

logsin vy =logsin =z +logh

SHE
log( — |=logh

\sinz )

pe sin y

Sin =

o SRR
SINX SINy
J - 0

A

(
Hence the general solution 1s ¢| ——, —
(smy sz

Problem 10 Solve (D3 —3DD"? +2D" )Z =0.[CO1-L1]

Solution:
Substituting D =m, & D' =1
The Auxiliary equation ism’ - 3m +2 =0
m=1,1,-2
Complimentary function is ¢, (y+x)+x¢, (v +x)+¢, (v —2x)

e, Z=¢ (y+1)+x¢, (y+x)+d(y—2x)

=0.[CO1-H2]

0z
Problem 11 Find the general solution of4——12——+9
Solution:
(4D*-12DD'+9D")Z =0

The auxiliary equation is 4m” —12m+9=0
Am? - 6m—6m+9 =0
2m (2m-3)-3 (2m—-3)=0

Mathematics Department -11 - Transforms and Partial Differential Equations


admin
Typewritten text
[ CO 1 - L1 ]

admin
Typewritten text
[ CO 1 - H2 ]


S. K. P. Engineering College, Tiruvannamalai

(2m - 3)Z =0
3 :
m= — (twice
5 (twice)
3 ) ( 3 )
@1[\_ 2 J RV
.. the General solutionis Z=C.F. +P.I
33
z=¢ [\."’—E.Tj—xqﬁ? | _1-'+5x/

Problem 12 Solve(D’ + DD —~D*D'~D”)z=0.1CO1-L1]

Solution:
The Auxiliary equation is

m>—m*+m-1=0

m* (m—1)+(m-1)=0
(mz +1)(m—1] =0
ie.m=11i—i

. The general solution is Z = ¢ (y+x)+¢, (y+ix)+ ¢ (y—ix)

Problem 13 Find the particular integral of(D3 +D’D'—-DD"” - D" ) z=¢e cos2y.

Solution:

1 [CO1-H2]
PL = — e cos2y
D*+D*D —DD"? - D"
_ cos2y
(D+1) +(D+1)' D'~ (D+1)D"?* - D"
2iy
=o' RP. of ' < .
(D+1) +(D+1) D'-(D+1)D"”-D"
2y
—¢"RP.of —
1+2i+4+8i
X s I
=% RP.of 1—d(cos 2y +isin2y)
5 (1+27)(1-2i) '
1,1 .
=—e".—(cos2y+2sin2y)
5075 |
PL =< (cos2y+2sin2y)
25 !

[l SEM
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Problem 14 Solve (D’ ~DD'+D'~1)z=0. [CO1-L1]

Solution:

0

(p*-DD'+D' -1
(D—l)(D—D'+1):O

This is of the form

(D —mD' — OCl)(D ~m,D' —a, ) =0
m, =0,a,=1,m, =la, =1

CF.is Z=e""f(y+mx)+e™ f,(y+m,x)
Z=e"fi(yv)+e fi(v+x)

Problem 15 Solve (D—D'—1)(D—-D'-2)z= ™™ . [CO1-H2- Apr/May 2014]

Solution:
This 1s of the form

(D-mD'-C,)(D-m,D'-C,)...(D-mD'-C,)Z=0
Hence m, =1 ¢ =1 my,=1 ¢,=1c, =2
Hence the C.F. is z =g, (v +x)+e”¢, (v +x)

2x—y

(D-D'—1)(D-D'-2)

2x-y
e

PL =

T(2+1-1)(2+1-2)

1 2x—y
P— (J -

5°

. ' 2y 1 5.,
Hence, the complete solutionis Z =e'¢, (v +x)+e "¢, (v +x)+ :ed ?

o
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PART - B

Problem 16
a. From the partial differential equation by eliminating fand ¢

from z=f(y)+¢(x+y+z). [CO1-H2]

Solution:
z=f(y)+o(x+y+z) -(1)
Differentiating partially with respect to x and y, we get
P=¢'(x+y+z)(1+p) -(2)
g=7"(»)+9'(x+r+z)(1+q) -(3)

r :¢'(.r+_v+:].r+gb"(x+_1-‘—:](1+p]2 - (4)
s=¢'(x+y+z)s+¢"(x+y+z)(1+p)(1+q) -(5)
=f"(v)+ ¢ (x+y+2)+¢"(x+y+2)(1+q)" -(6)

From (4) r{l-¢'(x+y+2)}=(1+p) ¢"(x+v+:2) -(7)
From (5) s{l—¢'(x+y+z)}=(1+p)(1+q)¢"(x+v+z) -(8)
Dividing (7) & (8) we get

(1+p)
(1+q)

(I+q)r=(1+p)s

b. Solve (D’ ~2DD')z=¢" +x’y. [ CO 1-H2-Nov/Dec 2014]

Solution:
Auxiliary Equation is given by m* —2m =0
te., m(m-2)=0
m=0m=2

CFE.=f(y)+/fi(y+2x)

_ l 2x
" o)

.
e

J (Replace D by 2 and D' by 0)

1 q

PI, =————xy
(D*-2DD')
2D "
:%(l_i' .T3_1"
D D J
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= - V + —
200 60
The complete solution is
Z=CF.+PI+PI,

Z=fi(v)+ fo(y+2x)+ e,_- Xy x

Problem 17
a. Find the complete integral of p+¢g=x+y.[CO1-H2]
Solution:

The given equation does not contain z explicitly and 1s variable separable.

That 1s the equation can be rewritten as p — X = y — q =a. say -
SLp=a+xandg=y—a
Now - = pdx + qdvy

z=(a+x)dx+(y—a)dv (2)
Integrating both sides with respect to he concerned variables, we get
a+x) Vv—a ?
(a+x) (v-a)

2 2
when a and b are arbitrary constants.

+b -(3)

b. Solve yzp —Xyg = x(z — Zy) . [CO1-H2]
Solution:
This 1s a Lagrange’s linear equation of the form Pp+ Qg =R
The subsidiary equations are

de_dv_d:
P O R
dx _dy dz

~

voo—xy x(z-2y)
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Taking I & II ratios

[l SEM

dx _dy
‘1:2 —_1(‘1.-'
xdx = —vydy
Integrating,
2
x° =y
—=—+C
2 2
X +y*=2c= &)
: . dv d=
Taking IT & III ratios —— =
—xy  x(z-2y)

(Z — 2}') d} = —J-’(f:
vdz + zdy = 2ydy

d ( J.-':] = 2JdJ
Integrating,

yz= )"2 +c,

yi—y'=¢

the solution is Q”(-"z + 37 vz - ."2) =0

Problem 18
a. Find the singular integral of the partial differential equation
z=px+qy+p° —q . [ CO1-H2- Apr/May 2014]
Solution:
The given equation z = px+qv+ p° —¢" is a clairaut’s type equation.
Hence the complete solution is = = ax + by + a* — b* -(1)

To get singular Solution :
Differentiate (1) wr.t. aand b

0=x+2a -(2)

0=y-2b -(3)
.'.a:_x and b:l

2 2

Substituting in (1),
2 7

e S L i |
T2 2 4
2237 +x )
) 4
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b. Solve (D’2 +4DD'—-5D" )z =3¢ +sin(x—2y).[CO1-H2 |

Solution:
The Auxiliary equation,

m*+4m—-5=0

m* +5m—-m—-5=0
m(m+5)—(m+5)=0
(m—1)(m+5)=0

m=1.-5
CF :f(}!_‘_x)_‘_g(:‘,_ﬁx)
1 2x—y
PI, = ' 3077
D?+4DD'—5D"
B ﬁsezx—x
4-8-5
:ielx—:t
-9
_]' 2x—y
2
1 .
PL, = , —sin(x—2y)
) D= +4DD"'—-5D'" /
1 .
- = sin(x—2y)
—1+4(2)-5(-4) )
=——sm(x-2v
—1+8+20 ( : ]
:isin(x—gy]
27 -

the complete solution1s Z = CF + PI, + PI,

Le. Z:f(}"+x)+g(,l-’—5a‘)—%ez"_"' +%si11(x—2y)
2
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Problem 19 a. Find the general solution of (3z—4y) p+(4x—2z)g =2y —3x.

Solution: [CO1-H2]
This 1s a Lagrange’s linear equation of the form Pp + Og =R .
The subsidiary equations are ax = d = -
P O R
dx dy d=

- - -()
3z—4y 4x-2z 2y-3x
Use Lagrangian multipliers x, y, z we get each ratio 1s

1 2, 2. 2
xdx + ydy + zd= Ed(x Ty 43z )

3xz—4xy +4xy —2yz +2yz —3xz 0
Hence d(x” +3°+2%)=0

Integrating both the sides,
Xyt =0 -(2)
using multipliers 2, 3. 4 each of equation (1) is
B 2dx+3dy +4d=
6z -8y+12y—6:+8y—12x
_ 2dx+3dy +4dz
0

2 2dx +3dy+4dz =

Hence 2x+3y+4z=C, -(3)
the General solution 1s gﬁ(f +y2 422 2x 43y + 4:) =0

b. Solve (D* ~2DD'+ D* ~3D+3D'+2)z=(e" +2¢™ ) . [ cO1-13]

Solution:

(D*-2DD'+D” -3D+3D'+2)z=|(D-D'-2)(D-D'-1) |z
[(D-D'-2)(D-D'-1) |z=€" +4" +4e™
my=lLa, =2,m,=1a, =1

L CE=&"f(y+x)+e f(y+x)

PI, = ! —e™
(D-D'-2)(D-D'-1)
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— l €6x
(6-0-2)(6-0-1)
_L 6x
20
PI, = ! 47
" (D-D'-2)(D-D'-1)
— 4 93,\'—23
(3+2-2)(3+2-1)
— 4 83,\'—23-‘
3(4)
1 3x—2y
=—e
3
PI, = L 4e™
(D-D'-2)(D-D'-1)
_ 4™
(0+4-2)(0+4-1)
4 _4\.
= €
(2)(3)
2 L,
2

.. the general solution

Z=e"f(y+x)+e f(y +x]+iedx +le3"_2-" +£e_4y
© 20 3 3

Problem 20

a. Form the differential equation by eliminating the arbitrary function f and

ginz=f(x+y)g(x—y). [CO1-H2]
Solution:

zZ= f(erJ")g(l"_J")

Letu=x+y V=XxX—-Y

Z=f(u)g(v) - (1)
Differentiating partially with respect to x and y, we get
p=rflu)g '(v}+f'(”)- (v) -2
q= )+ f'(u)g(v) -(3)

flu)g'(v)(-

f(z:]g"(1)+7f (u0)g'(v)+f"(u).g(v) -4
=/ (u)g"(v)(~ )+f"(u) (v) -(9)
Ju)g"(v)=2f"(u)g'(v)+/"(u)g(v) - (6)

"

v

[l SEM
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Subtracting (4) from (6) , we get

r—t=4f"(u).g'(v)

From (2) & (3), we get

P == 47 (1)2(+). (u).2'(v)
=Z (r—1t) from (1) & (7)

-(7)

b. Solve the equa‘rion(pq —p— q)(z — pX — qy) =pg.[CO1-H1]

Solution:
Rewriting the given equation as Z = px+qy +L -(D)
Pe—prP—4q

we identify it as a clairaut’s type equation. Hence its complete solution is

Z=avsby+—2 ()
ab—a-b

The general solution of (1) 1s found out as usual from (2).

Let us now find the singular solution of (1).
Differentiating (2) partially with respect to a and then b, we get

(ab—a—-b)b—ab(b-1)
(nb—wv—bf

b’ .
(05—17—5]2 -G

O=x+

le., 0=x—

and similarly

a
S - ()
(ab—a-0b)
From (3) & (4), we get a_”t
) ¢ 4), we g — = [ =K
b~ x \ﬁ Jx

ca=kyy and b=i+x
Using there values in (3) we get

X (:’\' Xy i\f k ) v =
k- x—(f\ xy f\\f Vs )
ile.. (k\/,\_y—\/;_\/;):

l—f—ﬁ

N
1+\/;+\/; _1+\/;+ﬁ

Hence a=—————¥- and b=
¥ i

O=y-
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Also
ab 1 1

ac’)ab:l_l_l_l_ \/T B \/;
b a RV T ERV N

:1+\/._—\E

Using these values in (2), the singular solution of (1) 1s

(1) (1) 1 )
_ :('l—[_\/;)z

Problem 21
a. Form the partial differential equation by eliminating

fhrom f(x7 + 37 +2°,2° = 23)=0. [ CO 1 - H2 - Apr/May 2014 |
Solution:
f(x2 +y 4202 - 23..3:') =0
Let u=x"+1v*+z" and v==z>—2xy then
the given equation is f(«,v)=0 -(1)
Differentiating (1) parti’il]y w.r.t. x and y respectively

we getiﬂ iﬂ =0 a (jf (i” (i_fﬁzzo

ou Ox Ovox cu Oy Ov Oy
= (2x+ 2.})) f (”-p—21]f 0 -(4)

ov
(2_1.-_2;g);_f +(22q-2x) C_i—fZO -(5)
cu ov

from (4) and (5)

X+zp zZp—v
we get PP =0

v+zq zq—x
(x+2p)(zq—x)=(v+zq)(p-»)
qgx—x>+2'pg—xp = zpv— v + 2 pg — zqv

—p(x+y)+zg(x+y)= ¥t -7
—p(x+v)+zg(x+v)=(x-»)(x+v)
—ptzg=x—y

p-zg=y—x

2(p-q)=y—x
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b. Solve the equa‘rionp(l—qz)z q(l —Z). [CO1-H1]

Solution:
The given equation is of the from f(z.p.q)=0
P(1-¢*)=q(p-=) -(1)
Let == f(x+ay) be the solution of (1)
Ifx+ay=u then z=f(u)
i p= & and ¢g= adz
du du

(1) reduces as

éu | \du ) | du
_ _ 2
Le.. i 1—(?2(—_' —a+az|=0
du \ du )
As = 1s not a constant, o= =0
di
(d=Y
s 1-a| —] —a+taz=
\ du
. (d=Y
1e., n‘( | =az+l-a
\du )
ad—::\;‘n:+1—a -(3)
u

solving (3), we get

d=
gl
2Naz+l—-a=u+b
2Naz+l—-a=x+av+b

A az+1-a)=(x+ay+Db)

2

Problem 22
a. Solve the equation p° +g° = z° (xz +3° ) [CO1-H1]

Solution:

The given equation dues not belong to any of the standard types.
2

It can be rewritten as (:_lp] + (:_lq)2 =x+y" (D)

As the Equation (1) contains = 'p and = '¢ we make the substitution Z = log z
z'p=Pandz'¢=0
Using there values in (1), it becomes

PP+0’=x"+y" (2
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As Eq. (2) dues not contain Z explicitly, we rewrite it as
PP—x'=y"-0"=d’.say(3)

From (3)
PP=a"+x"and 0’ =" -a’

P=va’+x" and O =4y’ —a’
= = Pdx+ QOdy

d= =~Ja* + x2dx + \/_vz —a’dy
Integrating, we get

2 . Ay 2 p \
X a . | «x v a a ¥
Zz—\szfagf—smhl[—%‘— v —a® ——cosh™| = |+b
2 2 \a) 2 2 La)
. the complete solution of (1) 1s
» g ] #
X 3 5 . a . .4fx) ¥ ;  a a0
logz==~x*+a* +—sinh 1{—'+‘— v —a®* ——cosh™'| = |+b
2 2 \a) a 2 La,

where a and b are arbitrary constants.
Singular solution does not exist and the General solution is found out as usual.

b. Solve the equatie:m(D3 +D"” )z =sin2xsin3y +2sin’(x+y). [CO 1 - H1 |

Solution:
oy . . 2 ;
The auxiliary equationis m”+ 1 =0
lLe., m=+i

“CF.= f(y+iv)+g(y-ix)

1 . .
PI =———sin2xsin3y
DIA -

<
|

— ﬁ%{codh ~3y)—cos(2x+ %1)}

:l{ L cos(2x—3y) -
20 -4-9

|
cos(2x+3y

-

= %{cos(h —3_1!)—(:05(23’—3."]}

= 'R sin2xsin3y
2

]. . bl
FPI, =————2sin" (x+y
- D’ +D" (x+)

1 . N
=————1l-cos(2x+2y
D-+D“{ ( Y)j
1
= —(1)—
D2+D“()
1 or

Il a————
D™ +D" -4-4

2

1
—-COS(2x+2y
D" ( )

cos(2x+2y)
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2

:%+écos(2x+2}’]

The complete solution 1s Z = C.F.+PI, + PI,

ie., Z :f(y+fx)+g(y—:‘x)—1%51'1123(51'113}:+§+écos(2x+2y]
Problem 23 h i
a. Solve \[p ++/¢ =1. [ CO 1-H2 - Apr/May 2015]
Solution:
This 1s of the form f(p.¢)=0.
The complete integral 1s given by = = ax+ by + ¢ where

Ja++b=1
Vb =1-+a

b= (1 - \/;)2
. The complete solution is = = ax +(1 —\/az v+e - (1)

Differentiating partially w.r.t. ¢ we get 0 = 1 (absurd)
. There 1s no singular integral
Taking ¢ = f(a) where fis arbitrary.

::ax—('l—\/;)z_erf(a) -(2)

Differentiating partially w.r.t a, we get

-1 )

J_v+f'(n) -(3)

2Aa

02x+2@—¢gﬂ

Eliminating ‘a’ between (2) & (3) we get the general solution.

b. Solve (:c2 — yz)p + (yz — z:f)q =z — XV. [CO1-H2-Apr/May 2015 |

Solution:
This 1s a Lagrange’s linear equation of the form Pp+ Qg =R
o : > dy d=
The subsidiary equations are — r _ Y _ - (D)
XT—yz y —-zx I —xy
dx —dy _ dv —d-= B dx — d-=
(.\*2 —_1»‘:)—(_1-‘2 —:.T) ‘1-‘2 —IX—Z +Xxy X —_‘r‘:—:2 + Xy
o d(x—y) B d(y-z) - d(x-z)

(¥ =3)+z(x—v) ¥ =ex(y-z) ¥ -Fay(l-2)
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Lo d(x—y) _ d(yv-z) _ d(x—1z) _)
C(x—y)(x+y+z) (veo)(x+v+z) (v-z)(x+v+2)
d(x-y) d(y-2) _ d(x-z)

(x—v) y—: x—z

ie.,

-(3)

Taking the first two ratios, and integrating log(x—y)=1log(y—z)+loga

[l SEM

=
P A - (4)
y—z
Similarly taking the last two ratios of (3) we get,
y—z
- =b -(5)
X—=
x—y v—z . . . X—y . x—:z
But — and - are not independent solutions for Y11 gives
y—=z x—z y-—:z y—z

which is the reciprocal of the second solution.

Therefore solution given by (4) and (5) are not independent. Hence we have to

search for another independent solution.

: L . . . xdx + ydy + zd=
Using multipliers x, y, z in equation (1) each ratio i1s =——— ) 3
X +y +z —3xyz
dx+dy+d:

Using multipliers 1, 1, 1 each ratio 1s =

X+ y2 +27 - Xy—yz—z=x
xdx+ydv+zdz dx+dyv+d-:
X+ ‘1-‘3 +z° —3xyz '+ _vz +2° —Xy—VyI—ZIX

1 > 2
;d(x‘ +y° +:‘]

(x+y+z) (P 4y 2 —xy—yr—zx) XAy -y ooz

d(x+y+z)

1 2 2 2\ X - , -
Hence :cf(x +y 4z )—(x+‘1-+-)0’(x+,1'+—)

-

In‘regrating%(ﬁr2 +3°+ :2) = M-ﬁ- k

D

(¥’ +y°+27)=(x+y+z) +2k

e =t P 4 2 2+ 2o + 2k
e, xy+yz+zx=>b

( )
~. the general solution is ¢ | xy + yz + zx, Gl
\ y—zI,
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UNIT =11 FOURIER SERIES

PART — A

. Explain periodic function with example. [CO2 - L2]

Solution: A function f(x) is said to have a period T if for all ‘x’, f(x + T) = f(x), where
T is a positive period of f(x).
Eg: f(x) =sinx
f(x +2m) = sin(x + 2m) = sinx = f(x)
=~ sin x is a periodic fn. with period 2.

. State Dirichiet’s conditions in Fourier series. [CO2 - L1 - Nov/Dec 2016]
Solution:

() f(x) is periodic, single-valued and finite.

(i) f(x) has a finite no. of discontinuous in any one period.

(iii)  f(x) has atmost a finite no. of maxima & minima.

. Find ‘bn’ in the expansion of x? as a Fourier series in (—m, ).
[CO2 — H1 - Nov/Dec 2014]
Solution:
Given: f(x) =x?% (-m,m)
f)=x2=fx) =] f(-x) = f(x)

=~ The given fn'is Even
b, =0

. If f(x)is an odd fn.defined in (=, 1), what are the values of a, and a,? [CO2 - H2]
Solution: =0 & a,=0 [“ f(x)isa,odd fn.]

. Find the Fourier constants b, for x sin x in (—m, ™). [CO2 — H1 - Apr/May 2013]
Solution: | p =0 (+ x sin x is an Even fn)

. Find constant term in the Fourier series expansion of f(x) =xin (—m, o).
[CO2 - H1]
Solution: a,=0 [« f(x) =xisanoddfnin (—m,m)]

. State Parseval’s Identity for the half range cosine expansion of f(x) in (0, 1).
[CO2 -L1]

Solution: Given:| [ =1 2 fol[f(x)]2 dx = aT"Z + Ym=1 An?
Where: a, =2 [ f(x)dx

a, = 2 folf(x) cos nmx dx
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8. What do you mean by Harmonic Analysis? [CO2 - H2]

Solution: The process of finding the Fourier series for a fn. given by numerical value

is known as Harmonic Analysis.

9. In the Fourier Expansion of f(x) = {1 + 2x/m, (-, 0)
1—-2x/m, (0,m) Find the value of bn.
[CO2 - H1]
Solution: f(x) =1 +2;x
fE0)=1-Z=f0) = | f(-x) =f)
~ The Given fn is Even
1 bn=0

10.0Obtain Fourier sine series for unity in (0, m). [CO2 - H2- Nov/Dec 2015]

Solution: HRSS f(x) = Y,-; bnsinnx
bn = %fonf(x)sinnx dx

A

2 T . 2 (—cosnx
== 1.smnxdx=—( )
m-0 T

n 0

_ 2 _ = 2= -
= nn[cosnn coso] = 7m[( D" —-1]
when ‘n’isEven = bn=0

‘Nisodd = bn ==
mn

4 .
~fx) = Z?f:mgsm nx

11.1f the Fourier series for the fn. f(x) = { 0, 0<x<m
sinx, m<x<2m

. -1 2 [cos2x cos 4x 1 .
|Sf(x)=7+;[?+?+---]+Esmx —>(1)

1 1 1 m—2
Deduce that Gttt =7 [CO2 - L3 - May/June 2015]

Solution:  Putx ="/,in (1)

2T ATT in®
T _ -1 2 |cos /2 Cos /2 sin
f( /2)_?_'_;[ ra e e

-1 21 1 1 1
0=—+= —+—+——---oo]+—
T ml1.3 3.5 5.7 2
1 21 1 1
- = ___+_+ +_
T ml11.3 3.5 2
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1'l'Z )
12.1f the Fourier series of the fn. f(x) = x + x2, (—1t <x<m)is 5+ Y1 (D"

(nizcos nx — %sinnx) find the value of 2t 5 + + w0, [CO2 - H2]

Solution: Given:

f(x)——+42n 1 n) cosnx — 2 Y- 1( :l) sin nx
Pu X =1
2 w (D"
m’ =n?+42n=1 2 0 f) = x+x? (-m,m)
X=m
2 _1\/_1\
= - =4y S f(=m) = -1 +
f(m) =+ m?
2m? w 1
= L_4Zn=1§ L fEm@ o
2
mw? 1 1
= — —2+ +=+
6 2

13.1f f(x) = x* + x is expressed as a Fourier series in the interval (-2, 2) to which value
this series converges at x = 2. [CO2 - H2- Nov/Dec 2014]

Solution: + x =2 (Point of continuity)
Given: f(x) =x*+x,(-2,2)
f(=2)=4-2=2
f(2Q)=4+2=6
L IEDH@ e,
2 2
14.Find the constant term in the Fourier series corresponding to f(x) = cos?x

expressed in the interval (—m,m). [CO2 - H2]

Solution:  a, = /g [* f(x)dx 2 lecoszx
1 m (1+cos2x 1 sin2x]™ cosx = 2
=Y [1, (55 ) e = 2+ 257 =1
a, =1

15.To which value, the half range sine series corresponding to f(x) = x? expressed in

the interval (0, 2) converges at x = 2. [CO2 - H2]
Solution: Given: f(x) =x2, (0, 2)
x =2
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~ The Fourier series converges to

fx)=4

16.1f f(x) = [ cosx, (0<x<m)

50, (m<x<2m) and f(x) = f(x+ 2m) for all x, find the sum of the
Fourier series of f(x) at x =m. [CO2 - H2]

Solution: Here x =m (Pt. of discontinuity)
__cosm+50 _ (—1)+50 49
f@)=—7—=—F—=5

17.Find the root mean square of f(x) = x%in (0, ). [CO2-H2]
Solution:  Given: f(x) =x2, (0, n).

RMS value 72 = 2 [*[f (x)]? dx

= %fon(xz)2 dx = %fonx“‘ dx

A

_Z(xs) _Z(xs)_2n'4
“a\s/y =\s5/) s

18.Define Root Mean square of f(x) over the range (a, b) [CO2 - L1]
Solution: The RMS value of f(x) over the interval (a, b) is defined as

Pl eo2dx
b—a

RMS =

19.1f f(x) = 3x + 4x3, defined in the interval (-2, 2), then find the value of a; in the
Fourier series Expansion. [CO2 - H2]

Solution: f(x) = 3x — 4x3

f(=x) = =3x —4x3 = —(3x — 4x3) = —f(x)

s f=x) =—=f(x)
~ f(x) isanodd fn.
| an=0 a, =0

20.1f the fn. xcosx has the series expansion ),,,_, bnsin nx, find the value of b; in
(—m,m) . [CO2 - L1]
Solution:  f(x) = Y,,-; bnsinnx [The given fnis odd. - ay = a,, = 0]

2

4 . 2 rm .
bn—;fo f(x)smnxdx—;f0 x cos x sin nx dx
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NE %fonxcosxsinnxdx = %f:xsmzxdx
b, = %fonx sin 2x dx
(52 - o )
= %[%ncos 21 + O] =;:—: (1) = _71

21.Find Half Range sine series for f(x) =Kin 0 <x <m. [CO2-H2]
Solution: HRSS f(x) =Y,,-;bnsinnx

2 rmT . 2K pm .
bn == " Ksinnxdx == [ sinnx dx
i n Y0

= —[cosnm — cos 0]
nm

__ 2K [— cos nx]n —-2K
n 0

—-2K
le = F [(—1)” - 1]
When ‘niseven = bn =0

PR 4K
nisodd = bn=—
nm

ff@) =35 (2) sinnx

22.1f f(x) = 2xin (0, 4), then find the value of a, in the Fourier series Expansion.
[CO2 - L1]

Solution: Here 21=4 5 =2

a, = 1/l fozlf(x) coslnn'x dx = 1h f:ﬂx cosznrrx dx

. _ 4 COS 2TTX
. a2 - fo ve

- oo (=) - o ()

1 1
= ;[cos4n—c050] =§(1—1) =0

4
dx = [, x cosmx dx

a2:0

23.Write the Fourier series in complex form for f(x) defined in the interval (C, C + 2m).

[CO2 - L1]
Solution: fx) =Y _.C,em™
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Where C, = ifcmznf(x) e dx

24.State Parseval’s Identity for expansion of f(x) as fourier series in (0, 2I)
[CO2 - H2- Nov/Dec 2014]

Solution:

l 2 o
QO =2+ 255 (an? + bn?)

25.Does f(x) = tanx possess a fourier expansion? [CO2 — H1]
Solution:

f(x) = tanx has an infinite discontinuity. Dirichilet condition is not satisfied.
Hence fourier Expansion does not exist.

26.Find the co-efficient C, in the complex fourier series of f(x) = e ™™, -1 <x < 1.
[CO2 - H2]
Solution:
C, = %f_llf(x) e~ INTX o — %J‘_ll e~ X~ iNTX gy — %f_lle—(lﬂnn)x dx
_ l [e—(1+inn)x

1
1 . o )
=3 ]_1 - _5(1 + lnn)[e (1+inm) _ e(1+mn)]

—(1+inm)
— -1 -1 ,—inm 1,inm
T 2(1+inm) [e € —ee ]
_ -1

T 2(1+inm)
_ -1

- 2(1+inm)
-

_ (=1D)"sinh
Cn = (1+inm)

[e™!(-1)" — e'(=1)"]
(-D)"[e —e']

27.State Parseval’s Identity for the half range cosine expansion of f(x) in (0, 1).
[CO2-L1]
Solution:  f(x) = 2%/, + ¥, a, cos nmx (~1=1)

Then 2 fol[f(x)]2 dx = aTOZ + ¥, an?

28.Find a,, in expanding e as a fourier series in (—m,m). [CO2 - H2]
Solution: Given: f(x) =e™*
a, = %ffnf(x) cosnx dx
1

A -
=—[" e *cosnxdx
TY—T

1[e™ . T
=—[ 2(—cosnx+nsmnx)]
T ll+n -

_ 1 —TT(_ T

= ) [e™(—cosnm) — e™(— cosnm)]

[ — T __ ,—TT
= ) [cosnm (e™ —e™™)]
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(GOl

n = i .2sinhm

29.1f f(x) is discontinuous at x = a, what does its Fourier series represent at that
point.
[CO2 - HZ]

fx—a)+f(x+a)

Solution: .

30.Find the root mean square value of the fn. f(x) = x in the interval (0,1). [CO2 - L1-

Nov/Dec 2015]
Solution: RMS value of f(x) in (0,1)

Y _Tfo[f(x)] dx—?fox_dx
_ 2 x3l_2 3y _ 202
—7(?)0—5(”—?

.72_212

T
PART B

1. Find the Fourier series of f (x) = x?, (-, 1) & deduce that

N+t le =T L olal ol =T iplelele =T
[CO2 - H2- Nov/Dec 2016]
Given:
f(x) = x%in (-1, )
f () = (0)° =x*=f (x)
f(-x) =1(x)
.. The given function is even
bn=0 f(x)==2+ X7 ancosnx >1
To find:

=2 [)'f (x)dx

_ 2 (m 23" 2
=l fdx=2[5] =15=5
2m?

=2 8=

an =%f0ﬂf (x) cos nx dx

-2 (T 3
== [, x° cosnx dx

=t (55) - @0 (<) + 2 (53]
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2 cosnx 2 cosnx
:;[Zn. = ]:—[ ][ sinnm =0, sin 0 = 0]
_2 G TG . —
;[27’[? ]—T [ COS mT—(-l)”]
=> 4(-1)"
an:T
Q) => f(x):% bl 14(n) cos nx
f(x)= "_2 +ye 4(;2)11 cos nx
f(x)——+42n1 n) cos nx > 2
i) Put x =1rin (2)
2 => 2_”2 +4 o (_1)71 f(X)=X2
(2) = == Y1 ——COS N7 f(n) = 2
PPN f (-n) = (-n)° = n°
2 _m _ o D"(=D)
1L _?—42‘”:17 f(X) f(“)"’f( T[) 2 7[2
3n2-m? _ o (~1)27 f(x) =’
7'[371' —4Zn=1 =
2m? 1 . _
% 4 = n=1n2 [.'. (-1)2n_1]
f(x) =X
w 1 _m?
Yn=15= ¢ f(0)=0
1 1 1 _m?
§+2—2+3—2+....]—? -3
i) Putx =0in (2)
@=  0=T+ayy, L
_ 2 . _1Tl
L:4Zn=1(n2) [+ cos 0 = 1]
-m? _ 1 1 1
Rl R R
To find:
== [N f Gdx = [T f (2 +x¥)dx
T[2 T[3
=1+ —]_n R R
~1 2’ _2m?
w3 2
o 20
0773

ap = % ffﬁf (x) cosnx dx = % f_nn(x + x2) cos nx dx

[(x+ 2) (smnx)_(l_l_2 )( cosnx)+(2)(
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- i [+(1 + 21_[) (+cosn1‘r) . (1 . 21_[) (— COSTl(—T[))]

n2 n2

1 D" o (D"
=2 [(1 +om S -1 -2mS ]
_ P _ D, aeyn
=—+2m-1+2m="—r4m=——=
4(-1)"
2= <n2)

b, = % ffﬂf (x)sinnxdx = % f_nn(x + x?) sinnx dx

-l (22 - 20 (22 + ) (229

n2 n3

w2 _

1 1 1
TEAlE st e ]

m? _ 1 [1 1 1 ]
3 4112 22 32
1 1 1 n?
P EtEe | h 24
1 1 1 2
i) S+Z+S+...=—
12 32 52 8

m  w? _J1 1 1 1 1 1 1
?+1——[1—2+2—2+3—2+....]+[§—2—2+3—2—4—2+....]
_ 1 1 1
=2|z gt ]
2m?+ m? 1 1 1
2 Tt teTt ]
2
12 12

"—2.1:i+i+i+....]
4 2

12 32 52
1 1 1 2
§+3—2+5—2+....]——

2. Find the Fourier series of f (x) = x + x?, (-, ) & deduce that

14141, = [CO2-H2- Nov/Dec 2014
5+ 57 + 5 + .= . [CO2-H2- Nov/Dec 2014]

Given:

f(X) = x + X2, (-1, M)
f(-x) = -x+x°=x +x°

.. The given function is neither even nor odd

f(x) = % + Y n-1apcosnx + X} > by, sinnx
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Given:
2 _1\n _\n — 2 (_
f(x) = 7T—+422=1( 12) cosnx — 22;’;1—( D~ sinnx fG) = x+x% (-m,m)
3 n n X =1
PU x =7 f(—n) = - + 2
f(m) = m + m?
2 _a\n
= 7T—+42;’;’=1( 12) cosnw — 0
3 m L fEmHm
Tt T
n? o CEDED"
= oA
2m? w 1
=> - - 4‘Zn=1 2
6 12 ' 22 32
2
3. Find the Fourier series of f (x) = |x/|, (-1, ) & deduce thatl—l2 + 312 + 5—12 + .= %
Given: [CO2 - H2- May/June 2014]
f(x) = |x]|, (-1, M)
f(-x) = |x| = (x)
.. The given function is even
bn = O
f(x):%+2,°f=1ancosnx >1
To find:

ao=%f:f (x)dx =%f0n|x| dx:%fonxdx

[x] 2 m?
“l====7
21l m™ 2

dg=—T

2 om 2 m
an== [ f () cosnxdx == ["x cosnx dx

=2 0o (22) - oy (=)

_2 [cosnn __cos 0] 2 [(—1)" . i]

T n2 n2 ml n2 n2

an = — [(-1)" - 1]

n2

When ‘n’ is even => an = iz [1-1]=0
mn
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When ‘n’ is odd => an = iz [[1-1] = _—42
nn mn
(1)=> f(x)=2—=%w,;-5cosnx 52
[ (T[+T[2) (cosnn)+2cosnn+ ( T4 )(coinn) _Zcosnn]
[ S
:co:nn'[_n_ T —1T+1T]_Cosnn(2 )_—2( nHn"

by = -2(-1)

n

(1) => f(X)=£+4Z%°=1 n) (711) sin nx
— -n" =n"
f(x) = —+42n . — e ——sinnx > 2
Putx =1in (2)
(2) => m° :—+4Zn 1 n) f(x) =X +x°

f(-n)=-n+n°
[cosnmr=(-1)" | f(m)=n+ T
f(X) - f(-m+f (m)

2 m? -1)"
W-?—4Zn1 2
2

3né—m (—1)%n

2
3 =4 Xn- 1 n2 _ —m+ 4 et
2
2m? 1 _ 1 N _om?_
R ?lozlﬁ [(-1) —1] f(X)—T—TC
o 1_m
n=lpz = ¢

—‘f f(X)Cosnxdx—% (Tt——)cosnxdx

Iy
-3l - () )]

2 [-2 [cosn‘rt
T

- () [ teos nm = 2y

2[z2Ct | 2
_T[_ nn3 +7'[n3 _nn3[1 (1)]

| T

[1- (1)1

n2n3

‘ L 4
When ‘n’ is even a, = ——
m“n

When ‘n’ is odd a, = 24 -
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2 (m-1)

8 woo 1
Q)= fXx-= +t Zn=1‘3§cos nx
f(x)=(T=1) + = L5y 35 cos nx >2
Putx=0in (2)
8 woo 1 -
(2) => m=(m-1) +1T—22n=1,3§(1) [cos 0 =1]
8 woo 1
m—Tr+ 1=§Zn=1,3§
8 . 1
1-§:Zn=1,3§
1 1 1 _m?
§+3—2+5—2+ ]—?
Putx=0in (2)
v aen 4 f(x) = ||
(2) => 0= P 2n=1l3FCOS 0 f(O) =0
—4 (o] 1 —
E:? 1377 [+ cos 0 =1]
™ _ @ 1
5~ 4n=137z
1 1 1 _m?
=z + ) + 52 + ] =—
™— Z—X,(—n,O)
4. Find the Fourier series of f (x) = o & deduce that
T+ ;,(—n,O)
1 1 1 _n?
1z + 3z + 5z + e = [CO2 - H2]
Given:
2x
n— —,(-m0)
f(x)= 2%
T+ ;,(—n,O)
f)=m-=
fx)=m X =+ Z =1 (x)
.. The given function is an even function
by =0 f(x):%+z,°1°=1ancosnx >1
To find:
_ 2 rm _ 2 rm 2x
ao—gfo f(x)dx—;fo (n—;)dx
2 221" _2[ 5, w*|_2. 2
=22 =2 -] =2t -
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=Zm—1]=2[m-1]

a=2[n-1]

[1-(1)7

When ‘n’ is even => a, = ﬁ [1-1]=

n2 112

l
m2n3 [1 + 1] =

bo :%folf (x) sin@dx +%f121f (x) Singdx

=%folf(l—x)sin$dx+0

21

m2n3

When ‘n’ is odd => a, =

bnzi [cos 0 =1]
-
D= Q=5+ s$+ Tie-q sin T
f(x):;+;2;;°=1,3; P+ oY ~sin T >2
Putx=0in (2)
=+ SN 5= (cos0) + 0
é_i_;zn 1373 [+ sin 0 =0]
.= ,iiz;*s:l,n
e ==Y

1 1 1 n?
I ....]:—
12 32 52 8

. . . _(—x),0,D 1 1 1
5. Find the Fourier series of f (x) = {0 (L,2D) and deduce that Ztamtat -
1.[2
8
Given: [CO2 - H2]

(L - x),(0,D)
F) = { (1, 21)

->1

f(x) ==+ Z_; ancos == + N bnsin ==
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To find:
1 I
ao =7 J, f (x)dx

=2 [0 f @ dx+1 [ f () dx+3 [[(1—x)dx +0

:%[lx__ [+ f(x)=0in(l, 21)]

1 ! nmx 1 21 nnx
an =1 fof (x) con——dx + 7 fl f () cos ——dx

=%folf(l—x).cosnlﬂdx+0
[ sin 22X —cos X :
=3a-0 (St )—(—1)( )]
| l

-—COSE 0 1 12
-t =t v o)

n2 m2
12 12

| =

~1r

4
nZn3

[1-(1)7

an =

1+ x,(—2,0)

1-x(0,2) hence deduce that }.§

6. Find the Fourier series of f (x) = {

f(x)=2+Xn an cos? + Y%, bn sinn—7:x [CO2 - H2-Apr/May 2016]

Given:

(1+x,(-2,0)
1:()‘)‘{1—%(0,2)

f(x) ==+ Zi_; ancos == + N bnsin ==

f(x)=1+x
f(-x)=1-x=1(x)
.. The given function is even

“bn=0
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To find:
a():%folf(x)dx:gfozf(l—x)dx
= [x-% =
a=0
an :%folf (x) con@dx

_ 2 (2 nmx
_Efo f (@ —x)cos—=dx

[(1 0 (T ) - -1 <_>]
2 4 0

:#[ cos n—+cosO] [ D"+ 1]
nzng [1-(-1)7
nzng [1-(-1)1

When ‘n’ is even => a, = # [1-1]=

8

When ‘n’is odd => a, = n24n3 [1+1]= —

nmx

D => () =2nt133 3cos— >2
Putx=0in (2)
8 woo 0 f(x)=1-x
(2) => 1= i £(0)=1
8 weo 1 f(0)=1
= Xn=1373 [cos0 =1]] ; () =L@+ ©
2
2 f(x) =1
Zn 13 %

2

1 1 1 _n?
§+3—2+5—2+....]—8

7. Find the half range sine series for f (x) =x (w —x) in (0, 1r) deduce that

3
113_ 3i3 + 5_13 — = ’3‘_2 _ [CO2 - H2-Nov/Dec 2015]
Given:
f(xX) =x (m=x)in (0, 1)
HRSS: f(X) = Yp=q bnsinnx >1
To find:
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bo=5f"f (x)sinnxdx=%f:f(nx—x2)sinnxdx

[(TL’X . XZ) ( cosnx) (71' 2y )( smnx) + ( 2) (cosnx)]z

To find:
ao:if f(x)dx——f (mx — x?) dx

22222
{23

3
a=—
0 3

ap = % fonf (x) cosnx dx = % fon (x — x?) cosnx dx
=) (22) =0 (2 0 (2]

e () -]

=2 [-n 2 —n ] = - ] () + 1)

nnz

an=— [ (-1)"+1]

When ‘n’ is even => a, = _—j [1+1]= 13
n
When ‘n’is odd => a, = _—5 [1-1]=
n
(1)=> () =7=— 4 X% ,45cosnx
f(x)= %2 — 4 Z§=2,4n—13cos nx > 2
_ 2 2 2 —cosnm cosnm cosO0
by =2 [(? =) (=5) 0 -2 (55%) + 2 (5]
2 |-2 2 212
=LlEeongl=ilE a- (—1)”)]

[1- (D)7

7'[77,3

When ‘n’ is even => b, = # [1-1]=

When ‘n’is odd => by = — [1 + 1] = —

8 1,
(1)=> () ==Tpz—sinnx 22
T .
Putngln (2)
_ 2 _ 8 woo 1 . nm
(2) => - =~ Xn=133Sin—
n_Zzg sin- sin32—n+
4 w13 33
n? 1 1 1 1
Tl st eont -
m_i_ 1, 1_ ]
32 13 33 53
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. T . 31 . bm . 7T
[ sin—-=1sin—=-1sin—=1sin— = —1]
2 2 2 2

8. Compute the first two harmonics of the Fourier series for f (x) from the following
data. [CO2 - H2-Apr/May 2015]

Sub. f (X) = x (TT — X), aoz%z, an :;—j in equ (3)

(3) => %f:(nx —x)%dx = (

2

Al 3N

ENLS

Mathematics Department

m2x2 x5 2mxt™
| 3 5 4
r—5 5 5
TT TT TC
L.
| 3 5 4
[10m°+ 6m5— 151>
30

3 2 n=2,4 n2

T nt
= Jo (Px? 4+ x* = 2mx®)dx = -+ 16 Z,szz,z;;

4
_ T 0 1
T 16 Zn=2,4F

42 -

]0:_"'16271 241

m* 1
=+ 16Y%,,—
] 18 Zn—2,4n4

1

X 0 T 2—1T Ll 4_11 S—R 2m
2 3 3
y |10 |14 |19 | 17 | 15| 1.2 |10
f(x):%+(alcosx+blsinx)+(a2cosx+b2 51
sin x)
Cos Y cos Y cos . Sin _ Y sin
X y Cos 2x Sin X Y sin x
X X 2X 2X 2X
0 1.0 1 1 1.0 1 0 0 0 0
T
3 14 | 05 -0.5 0.7 -0.7 0.866 | 0.866 | 1.212 1.212
z?ﬁ 19 | -05 -0.5 -0.95 -0.95 | 0.866 |-0.866 | 1.6454 | -1.6454
m 1.7 -1 -1.7 1.7 0 0 0 0
4?“ 15 | -05 -0.5 -0.75 -0.75 |-0.866 | 0.866 | -1.299 | 1.299
S?n 1.2 | 05 -0.5 0.6 -0.6 -0.866 | -0.866 | -1.0392 | -1.03
8.7 -1.1 -0.3 0.5192 | -0.1644
PARSEVEL’S IDENTITY
HRCS is (0, m), = [J'[F (0)]? dx =2 %7, af >3
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[ [ ot ]
:_5_1;_;_16[ +m+r81+
%T::g_ o +34+ ]

1 1 1 w4
St mtnt ==
14 24 34 90

a0:2[¥]:2[%]:2x1.45:2.9

p=29

a;=2 [ZY;"S’“] =2 [%] = -0.366

a1 = 0.366

a=-0.1

bl -2 [ZYTslinx] - [0 5192] 0.1730

b1 =-0.1

b, = 2 [E1202] = 2 [221%4] = 0,0548

b, =-0.0548

1.45

(1) >f(x)——+(036005x+017S|nx)+(010052x 0.054 sin 2x)
f(x) =1.45+ (-0.36 cos x + 0.17 sin x) + (-0.1 cos 2x - 0.054 sin 2x)

9. Find the Fourier series of second harmonic to represent the function given in
the following data. [CO2 - H2]

X 0 1 2 3 4 5

Y 9 19 | 24 28 26 20
(x)
Here the length of the interval is 6.
21=6,1=3
f(X)‘—+a1005—+azcos—+bls|n—+b25|nzﬂ
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ag X 21X . TIX . 2TIX 96
f(x) = <>+ a1 cOS — + @ c0s —~ + by sin — + b sin ==

X 21X X mx y L TX . . 2mx
X ? —3 Yy COoSs 3 Y COS 3 Cosz,lt_x Sin 3 Y Sin 3 ySIﬂT
3
0 0 0 9 1 9 9 0 0 0
T 2m
1 3 3 18 0.5 9 -9 0.866 15.58 15.6
2 Z?T[ 4?1-[ 24 -0.5 -12 -24 0.866 | 20.78 0
3 T 21 28 -1 -28 28 0 0 0
4 4?1-[ 8?1-[ 26 -0.5 -13 -13 -0.866 | -22.51 22.6
1
5 5?1-[ % 20 0.5 10 -10 -0.866 | -17.32 -17.4
125 -25 -19 -3.4 20.8

10.Find the Fourier series of f (x) = x (1 = x)? in (0, 21r) & deduce that
1 1 1 _ m?
1z + 2z + 3 + .= o [CO2 - H2-Nov/Dec 2012]

Given:
f(x) = x (m=x)%in (0, 2m)

f(x)= % Yoo _ancosnx + Yo, bnsinnx S>1

To find:
1 (2 1 (2
a0 = [, f (dx =1 [ f (m = x)%dx
_1 <n—x>3]2“_1[£ -
“al -3 1y “Twls "3l 3

a _2md
0 3

an = % fOan (x) cosnx dx = % foznf (m — x)? cosnx dx

-0 (222) 2 0o (22 w2 (222

n2
_1 COS 2nTt cos0
= [211 — + 21 nz]
=1 = 4n = =
== 2n(1+ 1] = — [cos 2nTT =1, cos 0 = 1]
4
do = )

Mathematics Department - 44 - Transforms and Partial Differential Equations



S. K. P. Engineering College, Tiruvannamalai Il SEM

bn == fznf (x) sinnx dx = % foz”f (1 — x)? sin nx dx
[(T[— )2( cosnx) 20 — x)(— 1)( Slnnx) 49 (co;nx)]zn

ao—Z[H] 2[125] 41.66

ao = 41.66
a =2 [Z”"ST] =2 [‘725] - .8.33
a; = -8.33

n 6

a,=2 [E”"Szﬂ =2[2] =-6.33

a, =-6.33

by =2 [EY:“%] =2[24=-113

b1 =-1.13

bzzzlzys;“ l 2[2% =69

bz =6.9

41.66 27X

(1) >f(x)——+(833005——1135ln—)+(633cos—+695|n—)

27X

f(x)—2083+(833003——1lssln—)+(633cos—+693|n—)
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UNIT =1l APPLICATION OF PARTIAL DIFFERENTIAL EQUATIONS

PART -A

1. Classify the p.d. e x*uy, + 2xyu,, + (1 +y?*)uy, — 2u, = 0. [CO3 - L2-Apr/May 2015]
Ans:A=x?B= 2xy ,C=1+Y?
A= B? —4AC = —4x* < 0
=~ p.d. e is elliptic.
2. Classify uy, = Uy, . [CO3-L2-May/June 2016]
Ans:A=1B=0,C=-1
A=B? —4AC =>0
~ p.d. e is hyperbolic.
3. Classify 4uyy + 4Uyy + Uy, — 6uy — 8u, — 16u =0. [CO3-L2]
Ans A=4B=4C-1
A= 0
~ p.d.e is parabolic
4. Classify the p.d.e uy, + 4Uyy + 4uyy, — 12uy + uy, + 7u = x* + y? . [CO3 - L2]
Ans:A=1,B=4,C=4
A=B?—-4AC=0
=~ p.d. e is parabolic.

%y _ 2%

5. In wave equations - pYe)

what is the physical meaning for

C%and What is the agent for vibration? [CO3 - H2]

A c? T Tension
m  mass per unit length
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Tension is the agent for vibration.
6. Write the one dimensional heat equation. [CO3 - L1]

Ju Zazu
Ans : — =a*—

ot 0x2

7. What is the Fourier law of heat conduction. [CO3 - H2]

du
Ans: Q = —KkA (&)

Q = Quantity of heat fliwing
k = thermal conductivity

A = area of cross section

Ju
i temperature gradient

(The rate at which heat flows across an area A at distance x from one end of a bar is

proportional to temperature gradient.)
8. Write all possible solutions for O.D.H.E. [CO3 - L1- May/June 2016]
Ans: (Du(x, t) = (C,eX* + Cre™%) (5, 2Kt
(ii) u(x,t) = (C;coskx + C,sinkx)e™ o? k?t
(ii)u(x,t) = C;x + C?

9. Arod of length | is kept at T and Tyat the ends x=0 and x=1, the initial temperature

distribution is ug, formulae the mathematical model. [CO3 - L3]

du Zazu
Ans: —=a“—

ot 0x?
u(o,t) = T;,u(0,t) =T,,u(x,0) =u,

10. A rod of length 20cm whose one end is kept at 30°C and the other end at 70°C, until
steady state prevails, find the steady state prevails, find the steady state temperature.
[COS - H2]
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Ans:u=ax+b
x=o0,u=30,b =30

=20,u=70 —40—2
x=20,u= 'a_ZO_

u = 2x + 30, this is the steady state temp distribution

11. A bar of length 50 cm has its ends kept at 20°C and 100°C until stead state prevails.
Find the temperature t any point. [CO3 - H2]

Ans : u(x) = 1.6x+ 20

12. Arod 30 cm long its ends A and B kept at 20°C and 80°C until stead state prevails.
Find the temperaturet any point. [CO3 - H2]

Ans:u=2x+ 20

13. State the two — dimensional Laplace equation. [CO3 - L1]

0%u 0%u
Ans : — = a%?—=
s:io5=a o7 0

14. Write three possible solutions o Laplace equations in two dimensions.
[CO3 - L1-Nov/Dec 2015]

Ans : (Du(xy) = (ClekX + Cye ‘kX)(C3cosky + C,4 sin ky)
(iDu(x,y) = (Cycoskx + C,sinkx)(Cze ¥ +C, e —ky)

u(x,y) = (c1x+ C3)(Cz3y + Cy)
15. In 2D heat equation or Laplace equation, What is the basic assumption. [CO3 - H2]

Ans : When the heat flow is along curves instead of stratight lines, the curves lying in parallel

planes the flow is called two dimensional.

16. A rectangular plate is bounded by the lines x=0, y=0, x=a, y=b. Its surfaces are
insulated. The temperature along x=0, y=0 are kept at 0°C, other sides are at 100°C.
Write the B.C’s . [CO3 - L3]
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Ans: V2u =0
Hu(0,y) -0
(iDu(x,0) =0
(iii)u(a,y) = 100
(iv)u(x,a) = 100

17. In steady state conditions derive the solution of one dimenslonal heat flow
equation. [CO3 - L3]

Ans. One dimensional heat equation is

du " d0%u

— = 3¢ —

ot x>

du
under steady state Ans : Frin 0

d%u
~ (1)becomes,Ans : — =0
0x?

= u=ax+b.

18. In one dimensional heat equation u; = a?u,,. What does a? stands for ?
[CO3 - L1-May/June 2013]

Ans. A? = Thermal diffusivity.

19. A tightly stretched string of length 2L is fixed at both ends. The mid point of the
string is displaced to a distance ‘b’ and released from rest in this position write the
Initial conditions. [CO3 —L1]

Ans. The initial conditions are

0
(i)t=o,(a—i’)=0
bx
(i)t=0,f(x) ={ I 0<x<L

% (2L —x),L<x < 2L)
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20. Write the initial conditions of the wave equation if the string has an initial
displacement. [CO3 — L1-May/June 2014]

dy
Ans. <E)t=o =0

y(x,0) = f(x)
21. State one dimensional heat equation with the initial and boundary conditions.
[CO3 - L1]
Ans. The one dimensional heat equation is

ou 0%u

— = 34—

ot 0x2

The boundary conditions are
u(l,t) =kCvt>o
u(l,t) =kICvt>o0
u(x,0) = f(x)in (0,1)

22. Write the boundary conditions and initial conditions for solving the vibration of
string equation, if the string is subjected to initial displacement f (x) and initial velocity
g (x) [CO3-L1]

Ans. (A)y (0,t) =0

b,V = 0
dy(x,0
2% _ g9

(d)y x0) = f(x)

23. Solve the equation g—z + 2:—3 = 0, given that

u(x,0) = 4.* by the method of separation of variables. [CO3 - H2]

Ans. We know that u(x,y) = X(x)Y(y) = XY
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du _ X,Yau _xy’
ox dy
~3X'Y+2XY' =0

3X" 2y

= Sty =0
3X’ 2Y’ k(say)
_ — = — — =
X Y say

24. Write the initial conditions of the wave equation if the string has an initial
displacement but no initial velocity. [CO3 -L1]

ay
Ans. |= =
ns[at]tzO 0

y(x,0) = f(x)
25. Classify the partial differential equation [CO3 - L2]
d%u 0’u  9%u _ o2wr3y

ox2 Zax 6y+ dy?
Ans.A=1,B=2C=1
A =B? — 4AC
=4—-4=0
~ The p.d. e is parabolic.
26. A infinitely long uniform plate is bounded by the edges x=0, x=I and an end right
angles to them. The breadth of the edge y =0 is | and is maintained at f(x). All the
other edges are kept at 0°C. Write down the boundary condition in mathematical form.
[CO3-L1]

Ans. u(o,y) =0;x=0
u(lLy) =0;x=1
u(xy)=0;y - o0
u(x,0)=fx:y=0
27. Classify the differential equation. [CO3 - L2]
362u+ 0%u +662u_26u ou
0x?  0x dy dy? ox dy
Ans.A=3,B=4,C=6
A=B? —4AC =16 — 72
=-56<0

~ The p.d. e is elliptic.
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28. A rod of 5 cm long with insulated sides has its ends A and B kept at 20°C and 70°C

respectively. Find the steady state temperature distribution of the rod. [CO3 - H2-
Apr/May 2015]

Ans. U =x+ 20
29. Classify the pde (1 +x%)(4 + x*)uyy + (5 + 2xHuy, + uyy, = 0 [CO3 - L2]
Ans. A=1+x34+x2)
B = (5+ 2X?)
C=1
B2 — 4AC = (5 +2x%)?2 —4(1 +x*)(4 + x?)
=4>0

-~ Itis hyperbolic.

PART B

Problem 1. A Tightly stretched sting of length of 2 | is fastened at both ends the
midpoint of the string is displaced by a distance ‘b’ transversely and the string is
released from rest in this position find expression for the transverse displacement of
the string at any time during the subsequent motion . [CO3 - H2]

Solution:-
Let2l=L
The equation the line AD
(0,0) (L/2,Db)

X1 W X2 Y2

x-0 _ y-0 }b
0-L/2  0-b

x y B
-L/2  —b A(0,0) C(//2,0) (1,0)

D (//2, b)

The equation of the line DB
(L2, b) (L, 0)
X1,y1 X2 Y2

®
N |~

Sy

b-0

|t
~

= N
N |~

_y-b
L7y
2
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2x-L _ y-b
-L b
L-2x _ y-b
L b
Lb—2xb
=y—b
i y
Lb—2xb
+b=y
L
2Lb—2xb _
T =
2b
T(L—X)ZY

sy=20-x) ¢/ 0

()= —=, 0,1/
{ﬁ% (L=2x) (L/5.1)

The wave equation is
02y _ 292y

at2 dx2
The boundary conditions are

i. y(01)=0,t>0
i. yLH=0,t>0

ii. 2 (x,00= 0, (OL)

v. y(x0) {L , (0,17
Zw-x,(4,,0
The correct solution is
y(x,t) = (A cospx + Bsinpx) (C cospat + D sinpat)
Apply cond (i) in equation (1)
y(0,t) = (A +0) (C cospat + D sinpat) =0
A (C cospat + D sinpat) =0

C cospat + D sinpat + 0
A = 0[sub in equation (1)
(1) = y(x,t) =Bsinpx (C cospat + D sinpat)

v

(1)

(2)

v

Apply cond x (ii) in equation (2)
y(L,t) = BsinpL(C cospat + D sinpat) =0

— B #0, Ccospat + D sinpat + 0
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sinpL =0
sinpL = sinnm

pL =nm

P = TUT/L sub in equation (2)

X at at
Q)= | y(x,t) = Bsinn% (C cosp"T + Dsin =) > 3)
Diff w, r, to ‘t’
ay _ . ﬂ nmat @ nmat nma
E(x,t)— BsmL ( C sin — ) + Dcos L)—>

Apply cond (iii) in (4)

dy _ , nrrx(
o (x,0) = Bsin D Dcos —

nmat nma
)=0

nmx nna

BDsin— —=0
L

nmx

B¢05m—¢0—¢0

subin (3)

B> Y(Xt) = Bsinﬂ (C cos%‘“)
= BCsm— (C co S”’zat)
= hn SmT (C cos TlTZat)

y(x,t) =Yo—; bn sm— C co mzat (5)

apply con of (iv) in (5)

y(x,0) =Zzy bn sin™E =~ 22, (0,1/,)
Zw-x Ly, 0

To find of bn , HRSS in (O,L)
bn =% fOLf(x) sinnLix dx

_ 22b (L2
= ZT{fo xsm—x dx+ [

. nmx
L/Z(L — x)smT dx}

Il SEM

(4)
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Il SEM

nnx inx —c s% —sin L
{l<> - <n:¢fz | looC=5)-oo(G=)] |
L L2/ 12

. ﬂ[—_L E nm o nmw > . nm +]
T2 mt'z nm’ n2m2 2
=2 [2 L sin=
T2 |7 n2n2 2
_ 8b . nmw . .
[bn =—— sin 2] sub in Equation (5)

nmx

. nm . nmx
y(x,t) =Y, (ﬁ) sin—  sin—— cos —

put L = 2|
[y(x t) =>oeq (_nz nz) sinnz—n sin% cos %ft }

Problem 2. A square plate is bounded by the lines x = 0, y=0, x=20 and y=20 Its faces
are insulated the temperature along the upper horizontal edge is given by u (x,20) =
X(20-x) when 0<x<20 while the other three edges are kept at 0°C Find the steady state

temperature in the plate. [CO3 - H2-Nov/Dec 2016]

Solution:-
Let us take the sides of the plate be | =20 then u (x,y)
0%u 62
Satisfies the Laplace equation is —— t57 T =0
x=

The boundary conditions are
X

i) u(oy)=0forO<x<lI
i) u(,y)= 0forO<y<lI
iiu(x,0)=0for0O<x<I
V)u(xl)= x(I—=x)forO<x<lI

The suitable solution is

y

y u(x,)=x(-x)

x=0 y=

v

u(x,y) = ( Acospx + Bsinpx) (CeP? + De Y )
Applying (i) in (1)
u(o,y) = A (CePY + De™PY)

O =A (CeP’+ De?)

v

(1)
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A=0 CePY+ De ™ %0

PutA=0in (1)
u ( x,y) = Bsinpx (CePY + De™PY) > 2)
Applying (i) in (1)
u (l,y) = Bsinpl (Ce?¥ + De™PY)
0= Bsinpl (CePY + De7PY)
B+ 0,Ce?” + De ™ 0
~ sinpl=0
sinpl = sinnm
pl = nm
=t
put p==~ in(2)
u(x,y) = Bsin ("—7;") CeT + De"ﬁ] > (3)

Applying (iii) (3)

nmnx

u(x,0) = Bsin (T) [C+ D]

O:Bsin(g) [C+D]

Bsin(g) +0
~C+D=0
=.C

pi{D=-¢ in(3)

u(x,y) = Bsin (g) Cel —Ce U

nmy —-nmy

u(x,y) = BCsin (#) [eT— e® 1 ] [ex —e*= ZSinhx]

u(xy) = BCsin (Z=) 2 sin h (22)

u(x,y) = b,sin (@) sinh (?) here 2BC = b,

Il SEM
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The most general solution is
[ u(x,y) = ¥, b, sin (?) sin h (m:y) } (4)
Applying (iv) in (4)

u(x,l) = X5=1 by sin (@) sin h (”;”)

X(I-X ) = Yo by sm( )sm hnm (5)

This is half range sine series in (O,l)
X(I-x ) = ¥ b,, sin hnzt sin (@)
To find by,
i 2l . (nmx
bn (sin hnr) = Z fo f(x) sin (T) dx

bn (sin hnm) = % fol(lx — x?) sin (n—T;x) dx

nn:x nrrx TlTL’X l
= % l((lx - x?) ( cos — ) — (I —2x) (—sm ) + (—2) (cos )l

12 13 0

l3
bn (sin hnm) = 3n3]
2
= . ]
= A [-(-D"+ 1]
n37r3 [ _( 1)11]
When,
niseven—> b,=0
nisodd = by (sinhnm) =
b. = 812 1
0=

n373 " sinhnm

_ 812
bh=—5—=——
n3m3sinhnm

sub by, in equation (4)

812

n3n3sinhnm

u(xy) = Z?f:l,s(

. nmx . nmy
) sin - sth
put -I:ZO
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3200 . Nmx . nmy
———— | Sin — sinh——
n3n3sinhnm 20 20

u(xy)= 21010=1,3(

Problem 3. Atightly stretched string with fixed end points x =0 & x = Lis initially in a
position given by y(x,0) = y, sin3¥. If it is released from rest from this position. Find
the displacement 'y’at any distance 'x’' from one end at any time , t,. [CO3 - H2- Nov/Dec

2016]

: : . 3
Given: y(x,0) =y, sin® % = % [3 sm% — smg

1
[ sin®x = 7 (3sinx — sin 3X)]

Solution:

ion is Z¥ = 422
The wave equation is —= = a“——=
The boundary conditions are,
) y(0,t) =0,t >0
i)y(,Lt) =0,t>0
ay( 0)=00<x<l
111)at x,0)=00<x<

X 3mx

iv)y(x,0) = f(x) = |3sin— —sin—[,0 < x <1

1 1

The correct solution is

y(x,t) = (A cos Px + Bsin Px) (CcosPat + D sin Pat) — (1)
Apply cond. (i)in eqgn. (1)

(1)=y(0,t) = (A+ 0)(CcosPat + DsinPat) =0

A (CcosPat+ DsinPat) =0

= CcosPat+ DsinPat # 0
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~ A = 0sub.in (1)

y(x,t) = Bsin Px (C cos Pat + D sin Pat) — (2)
Apply cond. (ii)in eqgn. (2)

y(x,t) = Bsin Pl (Ccos Pat + DsinPat) = 0
=B sin Pl (C cos Pat + DsinPat) = 0

= CcosPat+ DsinPat# 0,B# 0

~sinPl = 0 =sinnm

=Pl =nmn
nT
P = Tsub. in (2)
nmx nmat nmat
y(x,t) = BsinT(C cos—— = D sin 1 ) - (3)

Diff. w,r to 't’ in (3),

dy . hmx ~ nmat nma nmat nma
a(x,t) = BsmT[(—CsmT.T) + (D cos ] T)] - (4)

Apply cond. (iii)in eqn. (4)

dy . nmx nma
W=7 (x,0) = BsmT(O +D T) =0

Bsin?(D ?) ~0

nta nmx
=B # O,T * O,SinT 0

~ D =0sub.in (3)

. nmx nmat . NTIX nmat
y(x,t) = BsmT(C COST) = BC sin——.cos —

. nmx nmat
=bnsmT.cos ]

Il SEM
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S nTx ntat
y(x,t) = Z b, sinT.cos 1

. TIX mat . 21X 2mat
y(x,t) = b, sin—-. cos — + b, sin——.cos—— + -+ (5)

Apply cond. (iv)in eqgn. (5)

31X

27X
+b251n—+ 351n——sm—

y(x,0) = b, sm 1 1

1

. TIX 21X
b, sin—+ b, sin—— + b; sin— = —|[3 sin— — sin—

~ 3mx yo[ . mMX | 3mx
1 1 1 4 1 1

Equating coefficients on both the sides,

3
bl = %'bZ = O;b3 = —%sub.in (5)
G)=yxt = —sm X cos T — Yogin 3™ oog M8

1 1 4 1 1

Problem 4. A string is tightly stretched & its ends are fastened at two points x=0 &
x=|.The midpoint of the string is displaced transversely through a small distance ‘b’ &
the string is released from rest in that position. Find an expression for the transverse

displacement of the string at any time during the motion. [CO3 - H2]
Given:

- (Y, ,b
The eqgn. of the line AD /2 )

¥
(0,0)(1/2,b) \\\

X1 Y1 X2 Y2 b
X—X1 Y—WN x—0 y—20
= = =
X—x, y—y, 0-1/2 0-b A (0,0) c g(1,0
(&, 0)
x _ Y
—1/2  —b
2x 2bx

Y, abx
S=Ioy == ()

2bx
~f(x) = —(0.1/2)
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The eqn. of the line DB is (/2P0

X1¥V1 X2Y¥2

2x — 1
x=1/2 y—-b ) y—>b
= - =
/2 -1 b _l/72 b

l-2x y—-b Ib—2bx
= - =

= b I y=

Ib — 2bx 2lb — 2bx
:)_’y:fﬁ-b:)y:f

2b
STU-0=y=f()

2bx/1,(0,1/2)

“f) = {Zb/l(l —x),(1/2,1)

i 8%y 2 9%y
The wave equation is —— = a“ =

The boundary conditions are,
) y(0,t) =0,t >0

i)yll,t)=0,t>0
.0y 0) = 00 < x <]
lll)at (x,0)=00<x<

. B _( 2bx/1,(0,1/2)
i)y(x,0) = f(x) = {Zb/l(l o2, 0 SES l

The correct solution is

y(x,t) = (A cos Px + B sin Px) (C cos Pat + D sin Pat) — (1)
Apply cond. (i)in egn. (1)

(1)=y(0,t) = A(C cos Pat + D sin Pat) = 0

= CcosPat + DsinPat # 0

~A=0sub.in (1)

y(x,t) = B sin Px (C cos Pat + D sin Pat) — (2)
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Apply cond. (ii)in eqn. (2)

y(x,t) = Bsin Pl (C cos Pat + D sinPat) = 0
= CcosPat+ DsinPat +#0,B #0

~sinPl =0 =sinnn

=Pl =nn

nm

P =
l

sub.in (2)

nmat . nmat

] + D sin ]

nmnx

l

y(x,t) = B sin (C cos ) - (3)

Diff. w,r to 't" in (3),

dy . nmx . nmat nma nmwat nma
%(X,t) = BSIHT[(—Csm i T) + (D cos ] T)] - (4)

Apply cond. (iii)in eqgn. (4)

4 0y O—B'nnxO D =0
():g(x, ) = smT( + —)—

nmx ( 7’L7;'Cl)

B sin—

I =0

nma nmx
=B # O,T * O,Sil‘lT 0

~ D =0sub.in (3)

nmx nnrat nmx nmrat
y(x, t) = BsinT(C cos l ) = BC sinT.cos i
. nmx nmat

= b, sin .CoS

l [

= . nmx nmat
y(x, t) = z b,, sin - C0s—— 2 (5)

n=1

Apply cond. (iv)in eqgn. (5)

Il SEM
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~ - . nmx _( 2bx/1,(0,1/2)
y(x,0) = ; by sin—— = {Zb/l(l —-x),(l/2,1)

To find b, HRSS in (0, 1),

2 nmx 212b nmx
b, = f(x)sm—dx— fxsm—dx+—f (l—x)sm—dx

2 2b cosnmx/1 sinnmx/l 2
=TT [m (‘ T/z> - (— e TEN )]
l cosnmx/1 1 sinnmx /1 :
|e=o (5 - oo (),

ab[ I 1 nm 12 ncrl | 1 naml 12 _nrrll

:l_2 -—E ECOSTIE-I_TLZT[Z SlnT.§+E.ECOST.E+n2n2 smT.E

SIN——

4b[ 12 nnl_ 8  nm

BNE | n?m? 2| nznz 2
8b  nm ]
=b, = e 51n7 sub.in (5),
= Nnwx nmat
B)=y(x,t) = Z ( sm—) sinT.cos l

n=1

Problem 5. A tightly stretched string with fixed end points x = 0 & x = [ is initially at
rest in its position. If it is set vibrating givingeach point at a velocity Ax(l — x). Find the

displacement at any point at any time ‘t’.  [CO3 - H2-Nov/Dec 2014]
Given: f(x) = Ax(l — x) = A(lx — x?)
The wave equation is

ot2 0x?

The boundary conditions are,

Hy0,t)=0,t>0

Mathematics Department -63 - Transforms and Partial Differential Equations



S. K. P. Engineering College, Tiruvannamalai
i)y(l,t)=0,t>0

i) y(x,0) =00<x <1
0y
lv)g(x,O) =f(x) =A(x—x%),0<x <1

The correct solution is

Il SEM

y(x,t) = (A cos Px + B sin Px) (C cos Pat + D sin Pat) — (1)

Apply cond. (i)in egn. (1)

(1)=y(0,t) = A(C cos Pat + D sin Pat)

= CcosPat + DsinPat # 0
~A=0sub.in(1)

y(x,t) = B sin Px (C cos Pat + D sin Pat) — (2)
Apply cond. (ii)in egn. (2)

y(l,t) = Bsin Pl (C cos Pat + D sin Pat) =0
=B sinPl (C cos Pat + D sin Pat) = 0

= CcosPat+ DsinPat + 0,B # 0

~sinPl =0 =sinnn

=Pl =nn

nm

P:l

sub.in (2)

(2)=y(x,t) = Bsin 2 (C cos Pat + D sin Pat)
Apply cond. (iii)in eqgn. (3)

nmwx
y (x,0) = BsinT(c+O) =0

nmx
=B sinT.c =0
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nmx
:BiO,sinTio, ~ C =0sub.in (3)

nmwx
y(x,t) =B sinT (D sin

nrtat)
l
nmx nmat

y(x,t) = BD sinT.sin l

nmx nmat
y(x,t) = b, sinT.sin l

nmat
l

- nmx
y(x, t) = z b, sin ;- cos - (4)
n=1

Diff. w,r to 't’

dy - . nmx nrmat mmna
E(x,t)=2bnsm [0S ( ] )—>(5)
n=

Apply cond. (iv)in egn. (5)

ay( O)—ib . nmx nna_ll 5
atx,—lnsml.l—(x x“)
n=

= T In 2n22
= n Sin T T (x xz)
n=1
To find b, HRSS in (0, 1),
21 !  nmx
b, =— | (Ix — x?)sin—dx
I ), 1
22 cosnmx/l sinnmx /1 cosnmx/l !
_ 2t |2 A g _IRA/E _ony [ SO/
=7 X)K /1 > ¢ 2x)< n2n2/12>+( 2)< PEFEYIE )L
21 203 IYIC .
=S - (DM = [ - D)

When 'n’ is even, b, =0

. 812
'n"is odd, b, = =

373
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nma 8112 83

b, L b, =
o n3m3 " nimia

sub.in (4).

[oe]

OEVEHEDY

n=1,3

.Ssin——.sin

(8/1l3 ) nmx  nmat
l l

n*mta

Problem 6. A rectangular plate with insulated surface is 10 cm wide and compared to
its width that it may be considered infinite in length without introducing appreciable

error. The temperature at short edge y=0 is given by

_{ 20x,0<x<5
Y= 12010 -x),5<x<10

And all the other three edges are kept at 0° c. Find the steady state temperature at any
point in the plate. [CO3 - H2-May/Jun 2013]

Solution:
Let10 =1

0°u  0%u

oz Ty ="

The boundary conditions are, / # :
u(o,(d)-.o rFd ‘ 3 U‘Oo’l‘%):o
Du(0,y)=0,forally P A

iDu(l,y) =0,forally e

li)u(x,©0)=00<x<1

20x,0 <x <1/2
20(10 — x),1/2 < x <

iv)u(x,0) = {
The correct solution is

u (x,y) = (Acos Px + Bsin Px) (CePY + De PY) - (1)
Apply cond. (i)in egn. (1)

u((0,y) =A(Ce?PY + De™P’) =0

=CePY + De™PY =0
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~A=0sub.in (1)

(D) =u(x,y)

u(x,y) = BsinPx (Ce?Y + De™P) - (2)

Apply cond. (ii)in eqgn. (2)

u (l,y) = BsinPl (CePY + De™PY)

0 = BsinPl (CePY + De™PY)

=B #0,CePY +De Y 0

~sinPl =0 =sinnn

=Pl=nn

nm
=P = Tsub. in (2)

Apply cond. (iii)in eqgn. (3)
nmix
u (x,00) = BsinT(Ce“’ +De"®)=0

nmwx
=B sinT.C =0

nmwx
=B +#0, sinT =0
~ C = 0sub.in (3)
nmwx
u (x;J’) =B SinT(De‘Tl’TJ’/l)

= BD sin ™= e/ = p, B gmnmy/!
nmx
u(xy) = 2 b, sinT.e‘n”Y/l - (4)
n=1
Apply cond. (iv)in eqn. (4)
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B > . nmx 20x,(0,1/2)
y(x,0) = ;bn sin—— {20(1 -x),(/2,D)

To find b, HRSS in (0, 1),

2 (! . nmx
bn=—ff(x) sin— dx
A l
l

_ 40 cosnmx/l sinnmx /1 % l cosnmx /1 1 sinnmx /1 :
-7 ol - (e, ¢ e () oo (e,

0 2

2 L nmx !  nmx
=7 20 fxsmT dx+fl(l—2x)sm— dx
0 —_
2

—— .2C0S—+ —S—Ssin—+ — .zcos—+ ——sin—

40 [ 1 nm [? nm [ 1 nr [? nr
nr 2 2  n?m? 2 nw 2 2 n?m? 2

1 n2n? sin7
80l  nm _
n =gz sin—- sub.in (4)
u(x,y) = z S0l Sin ot sin ok g=nmy/L
n?m? 2 l
n=1

Putl =10

_ yoo 800 . MT . NTX _pnmy/10
u(x,y) =Xno5sin— sin—.e .
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UNIT =1V FOURIER TRANSFORMS

PART -A

1. State the inversion formula for a Fourier Transform. [CO4 — L1]

Solution: f(x)z\/%fjoooF[f(X)]e_isde

2. State the convolution theorem of Fourier Transform. [CO4 — L1]

Solution:

f@) = 7=, FIf(0)le " ds

3. Find Fourier cosine Transform of e™®*. [CO4 - H2]

Solution:

f@) = =, FIf()le " ds
Fele™®] = \Efome_“" cos sx dx

reere = L[]

4. Prove that F[f(x — a)] = e'*SF(s). [CO4 - H2-Apr/May 2015]

Solution:

f@) == [ FIf)]e™** ds

FIf@)] = r J° f@e i dx

Flfx—a)] = r f_oof(x—a)e isx dx
Putx—a=t = x=t+a
:>dx—dt

“Flf(x—a)] = m f_oof(t)e—ls(t+a) dt
= \/T_n- f_oof(t)e—lst e—lsadt
e f f(e Bt dt

F[f(x —a)] = e®2F(s) | = Hence proved

Il SEM
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5. Find the Fourier sine transform of % . [CO4 - H2 — Apr/May 2015]

Solution: Fs[l/x] =\/% fowisinsx dx

i e

Fs[l/x] = \/7/2

6. State the Fourier Integral theorem. [CO4 - L1-May/June 2016]

Solution:

The Fourier Integral theorem of f(x) in the interval (=1 1) is

flx) = %fooo ffooof(t)cosl(t — x)dx dA.

7. Write down the Fourier transform pair. [CO4 - L1]

Solution:

FIf@)] = 5= [0, f(x)e™* dx

f0) = 5= [0, FIf()]e " ds
8. Find the Fourier sine transform of e™*. [CO4 - H2]

Solution:

RIFCl = 2 [ fsinsx dx
Fsle™] = \E fow e ¥ sin sx dx
<le 1= 2 ()

9. Write down the Fourier sine transform pair.  [CO4 — L1]

Solution:  Rylf ()] = 2 J; £(x)sins d
F = [ [ Rlf@lsinse ds
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10.Write down the Fourier cosine transform pair of formulae. [CO4 - L1]

Solution:  F.[f(x)] =\/%f0°°f(x) cos sx dx
flx) = \/%fow Fo[f(x)] cossx ds

11.Prove that F[e!**f(x)] = F(s + a), where F[f(x)] = F(s). [CO4 - H2]
Solution: F[e!®f(x)] = %f_"; el9% f(x)el*dx

— \/%f:}of(x) els+a)x

Fle™ f(x)| =F(s + a)

12.Prove that Ff(ax)] = - F(s/a),a > 0. [CO4 - H2- Nov/Dec 2015]
Solution: Flf(ax)] = \/%f_":of(ax) eiS¥ I

Putax=t = x=t/a

adx =dt = dx=dt/a
o Flf(ax)] = \/%f_woof(t) eis(t/a)%

=11 (" i/t
=-— [ f®) e/t

Flf(ax)] = ZF(%/a)

13.Find Fourier cosine transform of e™*. [CO4 - H2]

Solution: Fcle ™ =\E fowe‘xcossx dx
1

Fele™] = \/% (sZ+1)

14.Find (a) F[x"f(x)] (b) F [%} interms of Fourier transform of f(x). [CO4 - H2]

(@) Flx"f(0)] = (D" F(s)
(b) F[f ()] = (=is)"F(s)
(©)
15.Find the Fourier transform of f(x)= [ 1, |x|<a
{ 0, |x|>a>0 [CO4 - H2]
Solution:
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1 a
F[f(x)] = Nz e"™dx

= \/%f_aa(cos sx + i sin sx) dx

= \/%f_aa cossx dx = \/%2. f_aa cos sx dx
2 sinsxa_ 2 [sinsa
Flreol = (B = 2]

16.1f F(s) us the Fourier transform of f(x). Write the formula for the Fourier
transform of f(x) cos ax in terms of F. [CO4 - L1]

Solution:
F[f(x)cosax] = 1/2 [F(s+a)+ F(s —a)]

17.1f Fg(s) is the Fourier sine Transform of f(x), show that F¢[f(x) cos ax] =
%[Fs(s+a)+FS(s—a)]. [CO4 - H2]

Solution: Fg[f(x)cosax] = \Ef:f(x) cos ax sin sx dx
= %.\/%f:f(x) sin(s + a)x + sin(s — a) x]dx
= % [\Ef:f(x) sin(s + a)x dx + \/%fowf(x) sin(s — a) x dx

Fs[f(x)cos ax] = =[Fs(s + a) + Fs(s —a)]

N |-

18.Solve the integral equation fowf(x) cosAx dx = e . [CO4 - H2]
Solution: Given:  [” f(x) cos Axdx = e~

J%f;"f(x) cos 2x dx = J%e‘l

Felf ()] = J%e-ﬂ

. _p-1| |2 -2 = |2 p-1[,-2
“f@) = Fg Lfe l—\/;FC [e™]
— (27,2
—\/;foe cos Ax dx
2 1
f(x) - ;(1+x2)'
19. State Parseval’s Identity theorem in Fourier Transform.  [CO4 - L1-May/June

2014]
Solution:

JZJF@)1Pds = [ |F(ol?dx
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20.Find the Fourier sine transform of f(x) =1is (0,1). [CO4 - H2]
Solution:  F[f(x)] = \/szf(x) sin == dx

_ ﬂ cosnmx/l L
—ff sin—dx = f[—nn/l ]O
= —\/; — [cosnm — cosO0]

FIf@) = - £ -1

21.Find the Fourier transform of e=**l, &> 0. [CO4 - H2]

Solution:  Fle™=*] = \/%f_":o o—lxl gisx gy

1 o .
= \/T_nf—ooe %l (cos sx + i sin sx)dx

= \/%f_woo e~ cossxdx + 0

F[e—o<|X|] \/_f e “xcossxdx=\/%(oc%sz)

22.Find the Fourier cosine transform of f(x) = x, 0<x<1
2—x 1<x<?2
0, x>2 [CO4 - H2]

Solution: F.[f(x)] =\Efowf(x) cos sx dx

3o

-fol x cos sx dx + f12(2 — X) COS SX dx]
_ £< Sin sx COS sx Sln SX COSs sx 2
= oo+ =25+ [e-n -]

s2
_ 2 /éms coss 1 cosZs sms_l_coss]
T

sz 52

_ (2 [2cos s cosZs] 2coss (1+cosZs)]
| s2 52
2coss 2cos?s __ |2 2coss (1—coss)
f(x) - ; s2

23.Find the Fourier transform of f(x) = ek a<x<b
0, x<ax>bh [CO4 - H2]

Solution: F[f(x)] = \/i_ffoof(x) e'*dx

mf ele lsxdx _ mf: ei(K+s)xdx
l(K+s)x
m [ i(K+s) ]
1 _1 [ i(K+s)b _ ei(K+s)a]
V21 i(K+s)
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24.State the Fourier transform of the derivatives of a function.
[CO4 - L1-May/June 2016]

Solution:

FIarf ()] = (D" 2 (s)

PART B

2
X
1. Show that e 2 is self —reciprocal under Fourier cosine transform.

[CO4 - H2 — May/June 2016]

Soln:

We know that F¢ [f (X)] = \E f: f (x) cos sx dx

Fc[e™*"/2] = \/% fy e **/2 cos sx dx

2 1 g a2
= [=. = [ e™*/?cossxdx
T 2 Y™

l\FR.P [° e/ e dx
2w =0

=— RP [ e *"/2 e dx

V2
= RP[, e~ a S gy
= RP[, o3 (¥ 2s0) gy
\/% R.P f:o e—_Tl(xz—Zisx+(is)2—(is)2) dx
= RP[, e T It =52 gy
:\/% RP [ e_[%is]z e 5" dx
oyt (17 T2 )
dy = 3—;
. Fc [e‘xz/z] :\/%_n R.P f_woo e ¥ e=s** 2 dy
== e RP [ e dy
= eV [+ %, " dy =]
. Fe [e‘xz/z] = e 5°/2

Il SEM
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Hence f (X) =e~5°/2 is self reciprocal with respect to Fourier cosine transform.

2. Find the Fourier sine transform of  [CO4 - H2 — Apr/May 2011]
x » 0<x1
f(x):{Z—x» 1< x2
0 » x> 2

Solution:
Pl = [2J77 f G sin s dx
= \/% [ xsinsx dx + [ (2 —x) sin sx da]
= ﬁ{[x S ) - () EEO + 1R -0 CE - (1) CEO
f (s iy, sinas coss sngy

3.Using Parseval’s identity calculate [CO4 - L3]

)y o2 ifa>0 i) [P dx
Solution:

f(x) = e™

Fo [f @)1= 2 (2) = Fs (9) e (1)

Felf (1= |2 (5 = Fe (9) e (2)

(1) Parseval’s identity for Fourier sine transform is

JPIf O dx = [TIF ()17 ds

Here f(x)=e®
o, _ 2 _ (> 2 a 2 .
[Pl P ax= [P wras Using ()
f e 2 dx == OOO(SZ_T_T)Z ds

[ o ds =T [ em2a%

(s2+a?)?
m o e”2aX T 1 T
= - = — + —| = —
2 [—2a]° 2 [0 Za] 4a
o  s? _m
fO (s2+a?)? ds = 4a

o x? _m
[ fO (s2+a?)? dx = 4a }
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i) Using Parsevals identity for Fourier cosine transform.

[PIf@P dx = [IF (s)]? ds

J lem = P dx = [” { \/% Szfaz}z ds [Using (2)]
. fow(szjlﬁ)z ds = ["(e~®)?dx = [’ e 2% dx
— e 2%, —
= =00 =5

2

Jy o ds =
0 (s2+a2)2 " 4a

> __dx = I
[fomds - 4as}

4. Find Fourier transform of e @* and hence deduce that [CO4 - H2]
o cos xt T _ _ 2as
i) [, o adt = o-e™ i) Flxe@M]=() |- m

Solution:
Fourier transform of f(x) is given by

F [f(x)] = \/% f_oooof(x) e dx :\/%fjoooe—am % dx

1 co _ 2 o _
= — [__e ™ cos sxdx =—— [" e cos sx dx

Fle]= 225 A

Using inversion formula,

)= 7= ff;\/% - () e-¥ds

_a r» cossx—isinsx
B f ( s2+a? ) ds

f cos sx ds
52+a2

_2a o cos sx

w 70  s24+q?2

. foo cos sx ds -7 (X) == e—alxl .... B
—0 2a 2a

s2+q?

© cos tx T
[ dt = = ealx]
- tZ4q? 2a

a
T ds ‘s2+a?

i) F [x e=@¥l] = (-i) ) [ By property ]

Mathematics Department - 76 - Transforms and Partial Differential Equations



S. K. P. Engineering College, Tiruvannamalai Il SEM

—alx| — E 2as
Fleeme] =i 2 2o

5. Evaluatef (hﬁ?ﬁ using Fourier transform . [CO4 - H2- Nov/Dec - 2014]

f(x) = e™®,g(x) = e7PX

F[f(0)] = \F (Go2) Felg@)] = \F (o Eb2>

Using properly,

F[fGOIF[g(0]ds = f f0g(0dx

0

jo E E (L) ds = Jme—axe—bxdX
11 s2 + a2 a2 1 \s2 + b2 0
0

2abJ ds _ fooe—(a+b)x
i (s?2 4+ a?)(s?2 +b?) 0
0

e—(atb)x l"o
—(@+b)],
1

=Gl e

_a+be T a+b

2abf ds _ f ds _ i1
= m J (s2+a2)(s2+b2) a+ b:> (s2 4+ a?)(s?2 +b2) 2ab(a+b)
0 0

Puts =x
dx _ T
(x2 +a2)(x2 +b2) 2ab(a+b)
0
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2
6. show that e /2is a self reciprocal under Fourier Transform. [CO4 - H2-Nov/Dec

2016]

F[f(x0)] = f f(x)ei*dx

1sx /Ze_ /ZdX

:Ele

2, 2, _2
e—X /2+1sx+S /2 e s /ZdX

“ 7).

—(x—is)z/2

F[f(x)] = e > 2dx

=L

Put u = =2 when*=-®u="*® .
V2 X=00,u=00

dx
du—w

FIf(x)] = uf g™ /2\/_du

i e

= e_sz/Zif e~ du

TT

_52/ 2 foo _u2
=e /2— e du
VmJo

Flf(x)] =¢ "

Hence proved.
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7. State & prove convolution theorem. [CO4 - H2 — May/June 2012]

If F(s)&G(s) are the FT of f(x)& g(x)respectively, then the FT of the convolution of
f(x)& g(x)is the product of their FT.

ie, F [(fx g)(x)] = F(s).G(s)

proof:
1 © .
FI(t)00) = = [ e pmema
1 ([1 (® .
=\/T_n_£ L/T_nj_oof(t)g(x—t)l dt eiS*dx
1 1 (= _
:E_'!; f(t) L/T_nf_oog(x—t)e dxl dt
—L [ L ” _ isx jist ,—ist
—m_[o f(t) [mf_mg(x t)elSXelste dxldt
1 1 (@ . .
- - _ is(x—t) _ ist
m_[o f(t) [mf_mg(x t)e d(x t)le dt
- jf(t)eiStdt.G(s)
Vaw )
F[(fxg)(x)] = F(s).G(s)
Hence Proved.
8. Find FST of < [CO4 - H2]

F [f(x)] = \/%foof(x)sin sx dx
0
F(s) = \/%foo e;ax sin sx dx
0
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Diff. w, r, to ‘s’ on both sides,

d d| |2 [Pe ™
&F(S)ZE E_f ” sin sx dx
0
2 (0 e™
= Ef a( " smsxdx)
0
jg o g
_ _f X
mJ, X
d 2 [
&F(s)z E_]- e” ¥ cos sx dx
0
2

d
&F(S) L [sz -T— az]

cos sx dx

Taking integration on both sides w, r, to ‘s’

F(s) = ZJ 2 4
5) = i1 sz+aZS

d 1
B f—xz -Ii(az = gtan‘1 (g)
F[f(x)] = \/%a%tan‘l (g)
= \/%tan‘1 (Z)
Flf(x)] = \/%tan‘1 (Z)
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9. Find FST of e hence deduce that [ XS0

o oz dx=Ze™  [CO4-H2]

s24a2S

2
FS[f(0] = /;[sz —
S

[+ FSlfG0] = Fyle™] = 50—

s2 + a2

F[f(x)] = \/%fooo f(x)sinsxdx - Fs[e ®]=—— Here a=1

IFST f(x) = \/% J,” Fs[f(x)]sin sx ds

e X = Efoo E( > )sinsxds
Ty Jmi\sz+1

. Zfo"ssinsxd
e X =— s
m), 1+S?

2 ® s sin sx
—e X = d
T 0

sZ+1 00

Putx = m

J“”ssinms 2

o S2+1 TR
Puts =x

j“”xsinmxd 2

o X241 T
10. Find FCT of e ™*2 [COA4 - H2-Apr/May - 2014]

2 co
F.Jf(x)] = \/;f f(x) cos sx dx

Il SEM
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2 oo
Fc[e_XZ] = [=| e**cossxdx
T
0

21 (°
= ——f e *“ cos sx dx
T2 J_o

—x2
X% cos sx dx

- f_me

=R.P of—f —x2 glsx gy
= R.P of j- _X2+1sx

=R.P of—j e X2HIsX oS “a e /4dx

_c2
e 5/

® (—x2+isx+52/4) d
e
V2T

= R.Pof

X

_2/4
\/_

isy2

e_(x_f) dx

= R.Pof

Putx—i;szy,dyzdx

2
e S /a (o

e v’ d
V2Tt J_wo y

F.[e™®*] = R.P of

2
e 5/

V2m

F.[e™®*] = R.P of Vr

Il SEM
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UNIT -V Z - TRANSFORMS AND DIFFERENCE EQUATIONS

PART - A

Problem 1 What is the Z- transform of discrete unit step function?
Solution: Discrete Unit step function 1s [ CO 5 - H2 -May/Jun 2014 |
u(n)=Ln=0

=0, n<0

Z[”(H)} =i1:_” =1+:-"+:27+
n=0

+

Problem 3 Find Z[u(n - 1)] . [CO5-H2]

Solution:

Problem 4 Find the Z- transform of unit impulse function? [ CO 5 - H2 - Nov/Dec 2014 |

Solution: Unit impulse function is
o(n)=1, n=0
=0, n#0
?=1.

Z[é(nﬂ :z:l;c‘?(n):_" =z
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Problem 5 Fde[ (n—ﬂ)]. [CO5-H2]

RgE

i
=}
3]

Solution: Z[(S(n—fr)]: S(n—k)z"=z"=—.

n

Problem 6 If Z[ f(n)|=U(z)then Z|a"f (n ]: [ CO 5 - H2 -May/Jun 2015 |
Solution: Z[a”f(n)] = Z fm:=" Zf n)(alz) =U(z/a).

Problem 7 If Z[ f(n)]|=U(z). then show that Z| f(n+k)|=z"U(z).[CO5-H2]

Solution:

oo

Z[f(??ift’)JZE (n—f—!\)_ = - frz f(n+f) _—(nzk)
=3 f ()3

Problem 8 IF :[f(n)]: U(z). then Z(

U(=)
f(”)]:_J‘__—IU(;)d:. [CO5-H2|

n

Solution:

g
- _;f(n)J‘ z7dz = —J‘(:_lz‘f(n):_” )d:
:—I:_l U(z)d-.
Problem 9 If Z[ f(n)]|=U(z).then Z[n f(n)]= .[ CO 5 - H2 -May/Jun 2013 |

Solution:
Z[;{f(;;)]zsz(”):—”:_ Z —nf (n)z"""
‘~'Zf(”)%(f")Z——'—__Zf(”)-“”=— Ly ().

Problem 10 State initial and final value theorem of Z - transform.[ CO 5 - H2 - Nov/Dec 2015 |
Solution: Initial value Theorem

—h

} - iM:_” - _i f(”)j ==, since — = _J‘ -1 7o

f(n)

n

Limit Limit

If Z[f(nﬂ:{,-"(:),1320‘[11611 L0 f(n)=7(0)= __)J:U(:)
Final value Theorem

Limit Limit g
IfZ[f(n)] =U(z).n=0 s .;y_-.f(”) =_ N 1(:—1)6 (z)

Problem 11 Define convolution of two sequences {f (n)} and { g(n)}

CO 5 - H2 -May/Jun 2015
Solution: f(7)*g( Zf (m)g(n—m) [ ayrfan |
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Problem 12 Find z[a””]. [CO5-H2]

s zla 53z
_l—ﬂ'
z/a z—a

Solution: Z[a”_q = Za””:_” = (732'((7" } 2032[0”'.1] —a

Problem 13  Z[y,.,|= - [CO5-H2]
Solution: Z[J-‘M] = 7* [_v (z)=wo— ."1-__1]

Problem 14 Find Z° {W

E 2)} . [ CO 5 - H2 -May/Jun 2013]

Solution: Le = = Ul:z
t {(:—n(:—z)} =)

Then ——/ = ! _ A B
z (z=1)(z-2) =z-1 =z-2
z=2, 1=B
=1 =—A4

U(z) -1 1

sa(n)=-1+2"=2"-1
Problem 15 Write the formula to find the inverse Z- Transform using residue method.
Solution: The inverse Z-Transform of U(z)is given by the formula | CO5-H2]

1
U = U(z)z""d-
e [

2 Y,
= Sum of residues of U(:):”_1 at the poles of U(z) which are inside the

contour C drawn according to the region of convergence given.
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[l SEM
PART - B

1. Using Z-Transforms, solvey, ., +4y,., -5y, =24n-8 given that y,=3 and y,=-5
[ CO5-H2-Nov/Dec 2014 |

sol: Given Yoo +4Y,.,—5Yy,=24n-8
Z[yn+2]+4z[yn+l]_52[yn]=24Z[n]_82[1]
[22Y (2) - 22Y(0) — 2y()] + 4[2Y (2) — 2y(0)] - 5Y (2) = 222~ B2
(z-1)° z-1

put y,=3,y,=-5

o[22 +4z2-5]Y(z)-32* +52-12z = 242-82(z-1)

(z-1)°
_ 2
(Z+5)(z-DY(z) = 22278282 52 9,
(z-1)
(2+5)(2-1)Y (2) _ 3z%+2°-197% + 39z
(z-1)°
3 2 1
Y (2) _ z[3z° +z°-19z 3+39]
(z+5)(z-1)
Y (2) _ [82%+2% —197' +39]
z (z+5)(z-1)°
let [32°+2°-1972'+39] A . B C D
(z+5)(z-1)° z+5

+ +
z-1 (z-1* (z-1)°

32°+22-197'+39 = A(z-1)°+B(z+5)(z-1)*+C(z+5)(z-1)+D(z+5)
solving thisegn,we get A=1,B=2,C=-2,D=4

Y (2) 1 2 -2 4
= + + 5+ 3
z z+5 z-1 (z-1)° (z-))
Y(2) = z 2z 2z 4z

+ - +
z+5 z-1 (z-1)* (z-1°

-1 z -1 z -1 zZ 1 2z

(z-1)°
y(n)=(-5)"+20)"-2n+2n(n-1)

2. Using Z-Transforms, solvey, ., +6y,,, +9y, =2" giventhat y,=0 and y,=0

[ COS-H2-Nov/Dec 2012 ]
sol: Given Yoo +6Y,,, +9y, =2"

Z[yn+2]+ GZ [yn+l]+9z[yn] = Z[2n]

[ZZY (2)- zzy(O) —zy(D]+96[zY (2) —zy(0)]+9Y (2) = é
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put y,=0,y,=0

o[22+ 624 9] (2) = ——
72-2

z

(Z+3) Y(Z) == TZ
z
(@) = (z—2)(z+3)°
Y (2) _ T (1)
z (z-2)(z+3)?
1 A B C

let > = + + 5
(z-2)(z+3) z—-2 z+3 (z+3)
1= A(z+3)*+B(z+3)(z-2)+C(z-2)

solving this egn, we get Azi, B =_—1,C =_—1
25 25 5

. Eqn (1) becomes ﬂ:[i}i _{iJ 1 _F} 1
z 25|z-2 |25]z+3 |5]|(z-3)?
o
25| 22| 25| z+3| 5|(z+3)?
1 1 Z 1 1 Z 1 1 VA
Y =57 {z—z}ﬁz [z+3}§z {(z+3)2}

1 ] , N n
y(n)=2—5(2) —2—5(—3) —g(—?a)

3. Find z [ﬁ] [CO5-H2|

Solution:
z[f(M)]=Xn=0of (0).27"
Z ﬁ] = Z;zoﬁ_z—n

1 - 1 - 1 -
=1+=z 4= 72%2+27%+ ...
2 3 4

1/2 1/3
L+L
z z2

2 3
=g [yt amt, ]
z 2 3

“z[rios (1-)|
=-zlog (1—§)

=-z log (Z_ 1)

zZ

2109 ()

=1+
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(ii). Find z*

using convolution theorem. [ CO5-H2 |

Therefore

4. Solve Yns~3Yna+2Y,=0 giventhat y, =4y, =0;y,=8. [ CO5-H2 - Apr/May 2014]

Given that
Yoz =3Ynn+2Y,=0
Z[Yos]=3Z [ Vo] +22[¥,] = Z[0]
2°Z[y, |- 2%y, - 2%y, - 2y,
-3{zz[y,]- 2y} +2Z[y,]=0
given that y, =4, y,=0; y, =8
2°Z[y,]-7°(4)-0-12(8)
-3{2z[y,]-2(4)}+22[y,]=0
2°Z[y,]-32Z[y,]+2Z[y,]-42° -8z +122 =0
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(23—32+2)Z[yn]:4z3—4z

ZIn]= (j: g:g)
_4z(z-1)(z+1)
2=y
47(z+1)
2=y
Zly,]  4(z+1)
; "Gy @)
Consider
4(z+1) A B

(z+2)(z-1) (z+2) (2-1)
4(z+1)=A(z-1)+B(z+2)
Put z=-2

4_a
3
Put z=1
4(2):0+ B(3)
8 s
3
Hence,

ey [5) (3]

(z+2)(z-1) (z+2) (z-1)

Putting in equation(1), we get

5. Showthat Z[ f (n+1)|=2F(z)-zf (0) if Z[ f(n)|=F(z).[ CO 5 - H2 - Apr/May 2014]

Mathematics Department -89 - Transforms and Partial Differential Equations


admin
Typewritten text
. [ CO 5 - H2 - Apr/May 2014]


S. K. P. Engineering College, Tiruvannamalai Il SEM

We have, Z[f (n)]:i f(n)z™"

Put n+1=m =n=m-1

and

Therefore,

6. State and prove the initial value theorem. [ CO 5 - H2 - Nov/Dec 2015]

State:
Z[f (t)] =F(z), then Lim f (t)= LimF (2)
Proof :

0

> f

n=0
0

Z n

(nT)z°
gf(nT)Gjn
0)+ f (T)(1j+ f (ZT)(%j2 S S

LimF (2)= Lim f(o)+f(T)(1j+f(2T)Gj2+ ............... }

Z—>0 Z—0

=f

—_~

=f(0)+0+0+........
= f(0)
=g ()

Hence the proof

Mathematics Department -90- Transforms and Partial Differential Equations


admin
Typewritten text
. [ CO 5 - H2 - Nov/Dec 2015]


S. K. P. Engineering College, Tiruvannamalai Il SEM

7. State and prove the final value theorem [ CO 5 - H2 - Nov/Dec 2015]
State : —
If Z[ f(t)]=F(z), then lim f (t)=lim(z-1)F(z)

tow z->1

Prrof :—

we have Z[f(t+T)]-Z[f (t)]:if(nT +T)z‘”—§:f(nT)z‘n

(z-1)F (2)-2t (o):g[f(nnT)_f(nT)]z-n
lim{(z-1)F (2)~2f (0) =|Z.ﬁlg[f (nT+T)- £ (nT)]z"
lim(z-1)F (2)  (0) =§[f(nT +T)= £ (nT)]
=1lim[f (T)-f(0)
£ (2T)= £(T)
4+ £(3T)=f(2T)

=lim[ f (nT)~f(0)]

= f (oo)— f (0)

lim(z-1)F(z)=f ()

z—1

—lim f (t)

t—>o

Hence the proof

(ii). Findz [®]. [CcO5-H2]

Solution:
z[f(M]=2n-f(m).z™"

5z [a'”'] =y _.an, zm

—_ -1 - — ] - . — Ik (_00; _1)
_Zn=_man-zn+2n=0an'zn [ |n|_{n; (0, oo)

— Zoo an Zn + Zoo (a)n
n=1 ' n=0

Z
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=[az+ (@az)’ + (@2)° + ....] +[1 + (g) + (2)2+ _______ ]
—az[l+az+@z)>*+....]+[1+ (g) + (2)2+

-1
:az(l—az)'1+(1—§) [~1+x+x°+

az z
= + —
1—az zZ—a

_az(z-a)+z(1-az)

(1—-az)(z—a)
z (1-a?)
h (1-az)(z—a)
. 1 72-37
8. Find Z m] [CO5-H2]
_ Z?-3z
LetF (2) = CARITITS)
FZ) _ Z-3
Z  (z-5)(Z+2
_ 43 _ A, B >
(z-5)(z+2  Z-5 + Z+2 (1)
Z-3 = A (Z+2) + B (Z-5)
Put Z=5, Put Z=-2
TA =2 -7B=-5
—> A:% —> B:%
Fay 2z 1 5, 1
z 7 Z-5 ' 7 Z+2
@ 2z 2 .5, %2
zZ 7 Z-5 7 Z+2

Z1 [F(D)] =§ Z'l[ZZ:]+§ z* [ﬁ]
1 z2-3Z

_ 27737 | _ 2 gn, 5. _9yn
(Z—5)(Z+2)] _75+7( 2)",n=0

Il SEM

Mathematics Department -92 - Transforms and Partial Differential Equations


admin
Typewritten text
.    [ CO 5 - H2 ]


S. K. P. Engineering College, Tiruvannamalai Il SEM

. 1 z?
9. Find Z [z2+4]' [CO5-H2|
_ z -1 _
Let F(Z) = 23’ Z [F(Z)] =f (n)
n-1 _ ZTl+1
27 F@) = Z2+4

The poles are Z = 2i , Z = - 2i (simple poles)
- , . AE
Res {ZV 1 F(2)} yop; = 220, (Z520) TR
— (2pnt1 2i

_ 2" _ono1yn
4i T2 2 (@)

n+1
Res {(Z"" ' F(2)} g=pi = Z—-2i (Z/'{Zi) §?+zzi)(z—2i)

_ (=2p™t (=20 (=2D)"
T 4 - —4i

:% 20 (=" = 2n-1 (="
f (n) sum of the residue of Z"~1 F(Z) at its poles
— 211—1 l-n + 2n—1 (_L-)n
=2n-1 [cosE + isin— + cos — — isinﬂ]
2 2 2 2
—9n nn (N — nn )
=2 cos = [--(L) = Cos— +lsm2]

— 9n nr (N — nr_ .. NE
fn =2 cos = [-.( i) = Cos— lSan]
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